^v \2-Noo 62-24 - plas 
BULLETIN PIEU 
of the 
CALCUTTA 
MATHEMATICAL SOCIETY 


VOLUME 41 a 


1949 


BOARD OF EDITORS 


F. W. Levi, Dr. Puit. Nar. B. B. Sen, D.Sc. 
M. R. Sport, MA PH.D. R. N. Sen, MA PH.D. 
S. S. PILLAR D.Sc. N. M. Basu, D.Sc. 

P. K. GHosH, M.Sc. (Editorial Secretary) 


PUBLISHED BY THE CALCUTTA MATHEMATICAL SOCIETY 
92, UPPER CIRCULAR RoaD, CALCUTTA-9 
1949 


CALCUTTA MATHEMATICAL SOCIETY 


j OFFICERS FOR 1949 


+ 
ws 


Preatoni 
Prof. A. C. Banerjee, M.A, 


Vice-Presidents 


Prof. F. W. Levi, Dr. Phil. Nat. Dr. R. C. Boxe, D Bo. 
Prof. N. M. Basu, D Be. Prof. B. B, S 


Prof. V. V. Narlikar, M.A. 


Treasurer 
Mr. 8. C. Ghosh, M.A. 


Secretary - 
Mr. U. R. Burman, M Ge, 


Editorial Secretary 
Mr. P. K. Ghosh, M.8c. 


D 
r~- ^ o E dou cM 


PRINTED 1N INDIA ` ~ UR aes gg 


PRINTED BY BIBENDRA NATH TANJI Aly, SUPRRINTENDENT (oppe, " GE UNIVERSITY PRESS, 
48, HAZRA ROAD, BALLYGUNGB, CALOUTTA 


CONTENTS 


Bagchi, Haridas. Note on a class of infinite Riemannian integrals 


Banerjee, D. P. On percentage points of incomplete Beta-functions and y? 
distribution 


—— On the convergence of certain lacunary trigonometric series 


Bose, 8. K. A study of the generalised Laplace integrals—I 





A study of the generalised Laplace integrals—U 
——— A study of the generalised Laplace integrals—III 


— ——— On Laplace Transform of two variables 





Corrections to my paper on ‘‘A study of the generalised Laplace integrals" 
Chakrabarti, M. C. On the moments of non-central x? 
Choudurl, A. C. Quasi-groups and nonassociative systems 


Ghosh, N L. An extension of Hamy's theorem to rotating gaseous bodies 





Gases with a pressure-density relation—impossibility of confocal density 
distribution 


——— Corrections to my paper on ‘‘An extension on Hames theorem ete.” 

Ghosh, P. K. On Abel-convergent integrals and their application to mathematical 
physics 

` Mandan, Sahib Ram. Gauss-points in n-dimensional space 





Segre’s quartic locus 


Mitra, D. N. ‘Torsion and flexure of an isotropic elastic cylinder whose cross- 
section is a semi-cardiod 


On flexure functions of a semi-circular cylinder 





Ox the flexure problem of a limacon and some other boundaries 


Mitra, S. C. On certain self-reciprocal functions 





On pair of functions which are recipiocal in Fourier-sine transform 





'———— Corrections to my paper on ‘Certain self-reciprocal functions" T 

| Mitra, S. C. and Sharma, A. On a generalisation of Weber’s parabolic- sfide 
functions 

Misra, D. C. A property of closed regions 

Nandi, H. K. A note on condition tests of significance 

‘Ray, M. Development of liquid motion due to an impulse 25 


(iv) CONTENTS 








PAGE 
Sen, Bibhutibhusan, Note on the deformation produced by some symmetrical 
distribution of variable loads on the plane boundary of a semi-infinite elastic 
solid m € due is s ue Ud 
Sen, R. N. Parallel displacement and scalar product of vectors—IT  ... Se. 41 
Parallel displacement and scalar product of vectors—II TE .. 118 
Sengupta, A. M. Note on a simple case of forced torsional oscillation of a 
cweular cylinder e 47 
— ——— Stresses in some aeolotropic and isotropic circular disks of varying thickness 
rotating about the central axis e ët sas .. 129 
Thermal stresses in isotropic circular disks of varying thickness rotating 
about a central axis ; oe ges ge? .. 199 
Sengupta, H. M. Onthe M" of an elastic plate—I  ... Rs .. 168 
Sengupta, N. D On the scattering of electromagnetic waves by free electron—I. 
Classical Theory  ... bes s i on .. 187 
Sinha, Gurudas, A note on Lhe expression for the sample estimate of the coefficient 
of partial correlation P Ge 159 
Sharma, A. and Mitra, 8. C. Ona generaiisation of Weber's — a" 
functions jos SES isi Se ses a: Sf 
Annual Report — ... Pe es ids is ve. DD 


Balance Sheet ge Sos ei oad ks nn 58 


tre na ^" 





ON CERTAIN SELF-RECIPROCAL FUNCTIONS 


By 
S. C. MITRA 


(Received January 10, 1949) 


1. Ramanujan (1915) has proved that 
: v B.[F.(8) - F,(88) - F(58) -- --] = V e.[f(a) -f(89)-f(5m) - ---1 ; aB = 0/4 
ana 


F(u) = AG In cos utdt. 


The theorem holds good when (1) f(x) 1 i8 of bounded vanation in (0, eo), and tends to O ag 
$— oo; (2) if also 
ho 


f f(a)dex 


0 
exists and (3) if also f(z) is continuous (Titchmarsh, 1987, p. 62). 
If æ = 1, then 8 = z/4. "Therefore 
Eu n. [P(r /4)—-F (82/4) - Fo(5n/4) + - --] = [f(1)-f(8)—f(5)+ -- -]. 
Let f(t) = (4ts)*K,(tz). Since (Watson, 1931) 





CE — TP+  , 
f a K (ta) cos f1(2n — Ustidt = Sa? + (n iyd pH ; 
we have : 


(4e EK, (el — (82) (82) - (Bz) K (52) + - - - 


SE : l " 1 8 1 1 
= EA (dz).I'(v + be? lorc EES (Gë Rhäin | 


We know that (Watson, 1922) 


yet (zy) A, — daycihec nt 


PRAT! dy = K-44 (ke). 
PCs TOUT NAa ert 


Let 
F,(az) = — M EE Sa 
= tv (de). Gr ena irs —Á—— m ep 


Hence 


TER 
f viet d.ley lay? ont = ec "Sall 


4a 
0 
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Let a= yr, p= 2v—4. Hence 


] vds dei Neid = FAV n 
0 


Hence F,(4 yr z) 18 self-reciproeal m the Hankel transform of order 2v — à 

To justify the change in the order of integration and summation, we assume v > 0 
and —-1«g,&«2v—2 

Let us consider the integral 


f a untidy _ . 
{(2n —1)* | oa? + yp 








We cun divide the range of integration mto (wo paris, from zero to one and trom one to 
infinity. Then 


li J ` Ate | 
(2n — 


41 
n - D e? +y ptt man Talent dy; y m D) 


wf |J, (eu lusch) | 18 convergent and >; hice 
is convergent when 2v 17» 1, ie whenv 220. When y 1l, 
| f s ye | =| f et NEEN es 
A Wë Dry (Coen e He CU ey ni 


= f [yJ zy) idy ` 
{(2n — 1)5] 747i 








We note that 








oo " | 
J |y J ry) | dy aud > ((9n — 1)12]^ —p- 


1 fim] 


are convergent It follows from these two inequalities that the changes m the order of 
summation and integration between the ranges from zero to one and one to infinity are 
justifiable. 


Combining the two results, we get 


2 ía 


SET =) Sa\e7 +t on 
e K i íi SR da K 7 wa) ED | 
E EE E a E da/ . 


Now the series on the right is an analytic function of both u and v m any finite domains 
of values of p and v; and by dividing the range of integration on the left into the range» 
(0, 1) and (1, oo) and using the two expressions m the respective ranges, we see that each 
of the two integrals i$ an analy tie function of both u and » in the domains given by 


[ Verg) n) tH ad = E reci Y nuu 
ad 
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-1 <u 2v- and vz D. 


It is unnecessary io suppose v lo be a real number. Ifvisa complex number, we shall 
take Fv) instead of v. 


9. Let f(t) = K,(te) Then F(x) = y (4n)/ V (2° +2"). We obtam as before 
K (iv 7.2) - K((d 0.2) - KB m.m) --- 


5 VG em vem vere tI 


Now putz =p We know from Laplace transiorm (Carslaw & J neger, 1941) that 


ENS E + J laD und pK,(a TR i a) and 0, (0<t< a). 
ptt as ) and pK,(ap) VE aj ( ) 4 ( « a) 


Then since 





2n — 1 i 8 
pk, (25 l Ja. p) = J {B=(n—4 a} ; (> (n—4)Vm), 
we have on interpretation, * ; 
l ] 1 a 
ies cae oo E: . (d 1 
i E-t) yE- 2 Bei y (P RIES Si dt J Gp , (1) 


FQ) = J4(àum.t) -JA (84 0.0) —J, (8 rtd gy n t) ons i 
We shail now show that F(t) 1s self-reciprocal in the sine-transform. 


Sineo both the series ure uniformly convergent, we can multiply F(t) by sin kt and 
integrate term by Lem On integration, wo get, on making use of (1), 


VÈ) Ia sin ktdt = F(H). 


3 We have the result (Titchmarsh, 1037, p 202) 


where 


J (xt) _ 
Wc 8) dt = I(z)It (a) 
‘| hereiore 
F (xt) = » E 3 7 =r f NE" _ at ` 
, vate it = J Urat dE | / QU) 


= l(&u m z)K (y 2.2) — I (84 r DK BN m.) — I (S m sK V nae 


Since F(t) is self reciprocal m ihe sme transtoum, we have b» multiplying by sin ke and 
mtegrating with di tog 


ES Ze Sal, Fret) sin lada =f {l(b V mm) E s.m) 


0 
— I3 y x z)K, Gun - — Jär Albulëvsäit-- frm keda 


* (1) Can be deduced tron Ramanujan NM ulgo. 
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Left hand side is 


H F(x) sin É adz 


NG) mam (i NO a 


On integrating term by term, we find that the last integral 1s —- lo i 

V (2/2).11, (8 / m.) KS GV m.) —1, (80 m.m) K (S m.m) I (N raK (Au naet h 
We have now to justify the change in the order of integration and term by term 
integration in the last integral. F(t) being uniformly convergent, term by term 
integration 18 easily justifiable. 

We shall now show thal 


* F(at)dt | 
| zc F(zt) sin kzdz st sin kzdz | WEED) 


The right hand.side can be written as 


| gaT 





w 


. F(t)dt 
[onte V 


We note (Hobson, 1907) that F(t) is a continuous function of £, and (1) the repedted 
integrals between finite limits always exist and are equal, 


_F(xt) ` 


(2) y (t3 A Xf (8 +1) 


sinkadz is uniformly convergent in an arbitrary interval, 


(8) fst acm aan kedt satisfies the same condition, 
and 
(4) E af Ge E dr converges uniformly m an unlimited interval. 


The last condition can also be replaced by the condition 


(P+) 


Therefore change in the order of integration is justifiable. 


(5) | dx E lei) sin Se dt which also converges m an unlimited interval. 
0 


A. The theorem for the sine-transtorm (Titchmarsh, 1987, p. 66) 1s 
y BAP (B)-FAS8)+ E yaffa) (8a) - (5m) --.}, where af = 42. 


F(z) = « = )f (o an ztdt 
0 


Let a = 1, then B = $r and f(t) zx (gis) *K, (ta). 
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Since 


bad 
J HK (tz) sinatdt = (22): t! ur 
0 


we gel after slight reductions, 


ao 


toate l3 V (= 17s y z. (2n — 1)g27H (3 + v) 
> (- Hin — 32) € K,(2n—1 => ur v) 
ET ege) deeg Ain — 1)?m?/4 + g pt e 


a=] n=l 
Hence, putting 
w Moa = See 
Fi(a) = > (-1)"(n— gep HK, (2n —12), 
iw |} 


we have 


I y (z4).J ,(xyY(ay)" ^7 * F.(ay)dy 
0 


Ñ- ee Han = Lect (az) HK, n e/a) 
ee Oitlgiet8 


nz] 


Let a = ($m), p = 2vt+4 We get 


P(e) = Ec E yg) 


is sélf-reciprocal in the Hankel transform of order 2v--$. Tho change in the order of 
integration and summation 1s justifiable as before and the range of validity is given by 
—-l«uc2 c£. 


DEPARTMENT OF MATHEMATICS, 
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GAUSS-POINTS IN n-DIMENSIONAL SPACE 


By 
Happ Ram MANDAN 


(Communicated by P. L. Bhatnagar— Received January 6, 1949) 


A Gauss-point w r. ( two &implexes m a space of n dimensions 18 one which has 
the same co-ordinates m some order-refered to either simplex, 1t the system ot co-ordinates 
is such that the centroid of the simplex of reference is the unit-point. 


There are in all (n - 1)! Gauss-poimnis.* They all he on a quadratic-vuaiicty W and 
by (n—r1)! m 


(n+ DIC, flint) 
(n—-r-1))' `? f(n—re dy thr’ 


(n —r)-flata (r = 1,2, .. :, n—1), m particular by n! in (n +1)? primes These primes are 
faces of two seta of n+1 simplexcs such that snnplezes of one set are mutually perspective 
from the centroid of one of the given simplexes and the primes of perapectivity pass 
through the centroid and a (n—2)-flat of the 2nd given simplex The two centroids 
constitute a pair of conjugate points for TV. 


Let S, be a space of n dimensions and S, BI be two simplexes theren Let the 
the co-ordinates of a point Pw. r t S bea, ( = 0, 1, 9, , n} and those w r t. HI be 
z,. Now as the centroid of the simplex of reference "e the umit-pomt, we have 
Sa, = 1 = Sz, or Xa,- $r = 0. This identity shows that the (n1)! sels of n4 1 
primes of the type z, = z; concur at (n+1)! points which satisfy the condilion of a G pt. 

n n 
They again iie on the quadratic-varicty IV given by the equation’ > zg — > z/r/, or 
(ies typed 
Yom? = Zë", where i Æ j, the two being equivalent on account of the above identity. 


The (n 4-1)! G. pts. may be put down as follows 


So E e, wy = GA, D D D J GG = “E T, pen AA Lys = s UTR a e D dat = Dil crs da —— NUS: 
ge ol Gë es dl e e Qu m my gag eg o. moque: 
0 a? 1 Li SEA f—] ) —-71' } + +l) P+] P Fän: s. hom "NT neo po: 

m i ey zu) D M kd 
By = yl, Py SE mX.. Ban = By, Or = Drga Vay FB Ay 45, 0.00, Qao, = E, By m muy. 
The r primes z, = 2, (ài = 0, 1, , = ]) have a (n — r)-flat common, bi permuting 


aj (j=r,..., n) in different ways wo get (n—r+1)! G. pts. in this (n —7)-fat. Sumilgrly 
in any such (n —7)-flat there are (n—:-- 1)! G pls e 


* In what follows Gause-point will be written as 'G. pt.’ = 
| This was suggested to me by Dr. F. C. Auluck. M 
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Letr=1, we get nl G. pts. m the prime t, = 2,’ Similarly we shall have n | 
different G. pts. im each of the other n primes z, = z;(1— 1, .,n) Hence there are 
(n-- 1)! G. pts. m all living by (n ')* m the (n+1)? primes z, = zj/. The above scheme 
therefore contains (n+ 1) ! rows, each row containg n+1 primes Any? primes in a row 
will fix a (n —7)-flat and we shall have **!C,(n —7)-Hats from a row. ‘Thus there wil be 
f(n 4-1) I^* 'C,/(n — 7 - 1) T (n — r)-Hats each containing (n—7-- 1)! G. pts., for each row will 
occur then (n —r4 1) 1 times. 

The (n--1) primes may be put down in a square of n+1 rows and n 4- 1 columns 


as below ` 

qoum xg, = qg! * o. ss Xj: 

D Or * * © y ü Fa * * * 3 0 Cn; 

3 ? A 

du mm mpm tp = 2; : 

k Dr: , k Fy 7 e939 k n s 

U Ss 8 H * € e i 

ENS i A — Y 

Tn — To, E A En SH Dye ey Tn = Ty. 


The primes in a row or a column fix à simplex. Thus these primes are faces of 
two sets of n+ 1 simplexes as we read them by rows or columns. The simplexes of rows 
are at once seen to be mutually perspective from the point given by the equations 
al zs d see, zs lz E, ze Za, This point is no other than the centroid of the 
simplex S’. The primes of perspectivity are x, = qy which pass through the centroid of 
S and (n—2)-üats of S givenby z, = 0 = z, respectively Similarly the simplexes of 
columns are mutualiv perspective from the cenlioid of 5 and their primes of perspectivity 
pass through the centroid and (n—2)-flats of S’. 


n ft 
Further let z, = ze Q=0,1,. .,m) where zs = 1. The polar primo of the 


centroid of the simplex S w. r. t JV js 
where (87,/02,) stands tor àz,//Or, when z, = 1 This equation reduces to 


n HI 


Init put 2, =1 Both the sides of the equation are then equal to 7€ Shy which as 
3w0 (o8 


again equal ton + I because of the above relations m z’ and z, Hence the polar prime 
of the centroid of the simplex S contains the centroid of the simplex S’, i.e., the two 
centroids are conjugate for IV. 

As a particular ease let us take n = 2 to illustrate what 1s said above in a plane: 
There are six G pta swith regard to two triangles in a plane. They lie on a conic and 
lie by two on nine lines which arc sides of two sets of three triangles such that triangles 
of one set are mutually perspective from the centroid of one of the two gwen triangles 


pe 
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and the lines of perspectivity arc the medians of the second trangle. The two centroids 
are conjugate for the conic. 

This theorem can be proved independently by tho converse of Pascal's theorem on a 
hexagon. The medians of the given triangles are sia Pascal lines of six hexagons formed 
by the sia G. pts., the ceniroids being a pair of Ste:ner’s* conjugate points, 


KM 


SCHOOL op MILITARY ENGINRERING, 
KIRKEE ÍNDIA 


t Baker, H F., Principles of Geometiy Vol. 2, p 281. 
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A STUDY OF THE GENERALISED LAPLACE INTEGRAL—I* 


Bv 
S$. K. BosE 


(Communicated by the Secretary—Received July 21, 1948) 


Laplace integral 


pp) = pf e-Pt h(z)da (1) 
0 


has been studied both extensively and intengively, It has also been taken as the basis of 
a transform, called Laplaee transform, which has been developed under the name of 
Symbolic Calculus or Operational Caleulus. 

At the Indian Science Congress, 1945, Dr. R. S. Varma (1947) gave a generalisation 
of the integral (1) in the form 


e(p) = p 8 Den"? TP,  ,(2pz)h(z)de (2) 
0 
where Wi, » denotes Whittaker function (Whiltaker and Watson, 1927, p. 346), defined by 1 


I'(—-2m) E f + m~ k ! Om .. E ps | 
WA wll = Ae rect. i EM) o gmt- tr. zal 
kl Den DN EZE 2m 4-1 d TE eer he eae -Im +17 i 


He has recently given an inversion formula for the integral (2) 


Following Dr. Varma, we shall call g(p; as the Whittaker transform of h(x), and bis 
the origmal of ofp). It is possible to develop the transform based on the generalised 
Laplace integral and the present paper is an attempt towards this 


For the sake of convenience, we shall take 
k 
g(p) = h(z) 


as equivalent to the integral (2). 
The Laplace transform comes as a particular ease of this, when k 1, m= ti, 
on account of the identity, 
(22p)73 W4, 4 4(2pz) = e=, 


As is conventional, the notation 
d v(p) = h(a) 
will mean integral (1). 


. * I am indebted to Dr. R. 8. Varma, Reader in Mathematics, Lucknow University, under whose able 
guidance I have carried out these investigations. 


1 We shall have the occasion to use this definition frequently and we shall henceforth call it as (D. 1). 
9—1718P—1 
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Other special cases of the general (rangtorm, as pointed out by Dr Varma, are the 
following :— 
(I) When k = 0, we have 
TE, mla) = (2 [2).K, (7 [2), 


the general transtorm reduces to 
Ka 
píp) = ui dei! (2rp)t*ha(pa)h(r)da 
0 
and will be known as A-transtorm and symbolicaliy denoted bs 
vi 2 hia 
(2) When k = bk inl and m= cin, we have 
V Lee tinl?) =(-] Je- P rmt), 


( being a positive integer and the general transform gives 
pin) = wp f (2rp)i*ie-mPmLi(2zp)h(x)dzr 
0 


und will be known as Ly-transfoim, sv mboheally denoted by 


pint 


hd hir). 


plp) 


(3) When & = in 1, m = +4, we have 
Daly 7) Se gi (27) TIE eua +4(27) 


and the general transform gives 
ein) = 2- vp | D,2 y (rp) (x)da 
0 
nnd will be known as D,-transform and symbolically denoted by 


ein) E hir) 


Dr, Varma has given five theorems without pro: Thev ave 
Theorem I A. Ii ang 
oi pl ear h(x), 


then 
d n E d n 
(i) v) y be SEN 
Theorem 2A. Ii 


e, (p) bus . 


nd i 
gap) = h(x), 
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then ia 
Soois = f ote 
0 


O 
Theorem I B. If 
ent: bie), 


then Kéi be " we €! w fe m 
dz | l(5/4—m)D'(5,4 t m). p P A Jm ! hp ae 
It OPE su oui s! J no 


Theorem 2B. 1i 











plp) = At 


and 
h(p) ~ die), 
then 
_ 1(0/4-4 m) 4—m) x " 4 d+ m, 9j4= m. 8- r} q 
plp) = — dpPüT dom) b D lL 4—k ; Zem yla)da 
Theorem IC |i 
ein) = h(x, 
then 


$ : (1/x—1yg'"(p) = p" f (2zpY ep "alt V (2pzx)h(z)dr. 
0 


re Or, 


‘Lheoroms marked A have exacth the same form us the corresponding theorems in 
Operational Calculus, those marked D huve generalised appearances, and whilst the one 
marked C has no analogue in the theory of Operational Calculus, 

Among olber generalisations of Laplace integral may be mentioned: 

(1) The generalisation due to Meijer (1941), 

(2) The generalisation due to Boas (1942). 

The generalisations of Laplace integrai given by Meier (1941) and Varma are based 
on replacing e~™ in (1) by a kernel involving Whittaker Function, W;,(z), which reduce 
to e77*? for certain values of the parameters k and m, whereas the generalisation due to 
Boas depends on replacing e7” by a kernal g(z, t) which is m some sense ''nearly'' ez, 


I 


1.1. We begin by giving a number of examples of the generalised Lapiaee trans- 
form based on the integral 


(p) = p f (en "Wi (2pz)hta)dx 
0 


12 Efample 1. When h(a) = a", we have* trom an integral due to Goldstein 
(1982), via., 


* Woe shall refer this formula of Goldstein as (D 2). 
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-l g-a TU Am t 4)T(l— m +4) peu d 
zi E (s TOW "n l EE, ee Froid. EROR UN 14 ,F "T 
| e kn (x) dae Thad P, ee a 


lp mio 0 and R(x? +1)>0, 
I'(n-m-t5/4)P'(n—m- 5/4), -n p pou iz e 
2^ (n-k+7/4) "mur ees n—k+7/4 "ejes 
Rip) > 0 and R(ntm+5/4)>0. (1) 


When k= 0, the function AN, reduces, on account of the relation (Baily, (1985) 








a, b vet 
béi C 3 4 a+] +1 (A) 
2 à 
and, we have 
I'(n- m 5/4)I'n — in 5/4) KETTE n—nm-5[4. abe 
on*iD(n-a- 7[4) ——— n+7/4 l 
D In A Amt 5/8) (n — jm 4 3/8)p7 
(1a) 


Ithk-—i, m= +4, we get the fundamental operational relation (McLachlan und 
Humbert), 


` gh 
uo oo, R b 


in symbolic calculus. $ 
Example 2, When h(z) = 2" F [2, 8; —qz], we bave, on expanding ,F,[2; 8; —q«] 
and integrating by the help of (D.2),t 





DÉI n2 y I'(z t r)T'(n m * rt5,4)'(n— ames Sn y 
2p 


SE (0 — rn I(Ba rA (n-—k ra 7/4) 


nmim+rt+5/4, w-mtr+ 5/4 
PA d H a} S 
ix n—kr4T7/4 di dis 
E Fue; 8; -qu], Rmtmt+5/4)>0, R(p)20 and {[p[> fq 


x We shall, benceforth, refer the book cf Humbert and McLachlan as H. In this case see H, p. 14 
+ The convergence of the series (2) follows easily by considering the behaviour 
Fla-r,b-r,c4:1;2] < Gg — (i=) Fla, b; cirl, 


where A-:min(a, b, c). 
For k=i, m= ti, see H, p 54. Henceforth H., p. — , would mean, for k=}, m= tl, the result 


given in the book of Humbert. 
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If in (2) x = B, we get, on using the result due to Buschnall and Chundy (1940) 


= (d)man Owen i 
Fla, b; c; ety] = Sere EE 
[4 Ege y= D 2, Dill Chas d 


that 
1 © iir dni manele APO rie E EVE, i 
2(2p)^ , So ri T(n—-kc r4 7/4) 2p^^ ' n—kcert7[4 





I'(n 4 m-r5/4)I'(n —m + 5/4) P 


~ Zänn in — k-- 7/4) 


"igiiur n-—nm-cóo[À. - i (8) 
n—k-'7[4 i S On 


Z men R(ntm+5/4)>0, R)>0 and |pi qi 


q^ 


Eazample 3. When h(a) = z*e- 5", we have 


ao 
plp) = p f (22 p) -* TV, «(2pz)az^e- t* da. 
o 
Wriling the two infimte series for the Whittaker function given by (D.1) and integrating 


term by term, which is justified, we get, on using Whittaker’s integral for Weber's 


parabolie cylinder function, 


D_,(2) = Uo) g-tz- iPpI-ZL, R(n) > 0 (c) 
that (H., p. 17) 
t i 
per D am) PQ 4-1) 2: uns n denten 


D -m-XELr(-sm-k) 
— e D(-m-rij-kM4rD(A-m-or--5]A4) 
x D nzwtrtaiotül + Dän: äu + D) 3 r! l(-2m-rl-47) 
: x PEHD a-mol) 
m aere 


provided (2m) is not an integer and R(A + m+5/4) > 0. 
Example 4. When h(z) = #-"e-*/*, we have, on using the integral for Bessel 
function (Watson, imaginary argument, (H., p. 16; 


B.F., p. 188), 


1922) of the second kind for 





Es) = day forte t, Re) mo (D) 


SEN ere : nET (m + a kA Conejo 
DEE YP Om +) ame 
E & g-»t' IT -mcb-hker) 
ÄR. un al (ap) I(9m)D(— 2m + 1) 2, mcm T 
ed EEN 
(5) 


provided (2m) 1s not an integer, R(4ap) > 0. 
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Example 5. When h(x) = z exp(— y 2), we obtain, us in (Ex Al 
Dirt m+$-h)DQm +v + 27+ 5/2) MISI Uv (n 
" E T + Zug + 1)(2p): f2 Slmt tartsa È id pi 
e D(r-mt-i-k)(-2n-tvt2rt5;2) 
r! DP(r—-2m - 1) (py D 
x er D ampota V (2p) 


pu CADO) $ 
Tm- rG + m—k) ven 


" Tm) 1 — 2m - 1) 
I'($--E)U(3-m-—)-r*-o 





ENSE = 
= æl exp(— Va) 


(H., p. 17) provided (2m) is not an mleger and R( Zim v 5/2) > 0 
Example 6. When A(z) = o""J,(24 2x), we obtum from (D 2), (H., p. 28) 
n+m+rtojá, n=m+r+5já. ] 


YIm+m+r+5/4) T (n—m +14 5/4) rf 
To n—-k+tr+7/4 


we (- 
> 2 rl lner-l1)Dmn-kere7/A4(py* 


NI kä 


= mJy z), R(ntm+5/4)>0 
Whon h(z) = ree" J, (bx), we obtam, (H., p 28) from (D 


e E EH 
ri Dinazlzdiintu-ktärtVIAi 16p? 
: EEN, 
EN ae): 


Example 7 


bp 
2r t1(9p)sts r*0 
r pere n+p—-m+2r+5/4 
x 
SC n+p-k+2r+5/4 
z-o79*] (ba) (9) 


k 
m 


provided Bin -- p m 5/4) > 0, Ru +p) zu and "ae p[ zl 
J,(z)J,(z), we obtam, from (D. 2) und 


p pot bs ui ai cl (E) 
wt lovtl, atv ` 


Ezample 8. When h(z) = 


(zj2) ^ 
tee 
del 2) I(u--1)D(v-1^7 





that 
(4p)-*-: z et TL 1) Mat vtm +2rt 3/4) Yu -- v m t 2r c 5/4 
Wutv—k+2r+7/4)(2p)* 


2TIY(g-- 1) (v +1) r= +1, rv], ru vl, 7) 
+v+mt+2r+ 54, u+tv-m+2r+5/4 
A 2 "A 
n+tyv—=k+2r+7/4 ` 
Ar 


= Jaa) (a), R(utvkm5/4) 220, Rp 20 and lp] >2. (10) 
Ezample 9. When 
hie) M uz 
where 
ober 
Ffm, +l, ntl; —2/z7], 


(lgl = m US AU 
we obtam from (D. 2), provided that Ríp) = 0, | pi> 1, and Bim, n hm 5/4) 0 
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(2p)- "n-*n*M $ (Din, t+ mtntht3r45/)l(m,-menth+3rt5/4)(6p)-* 
2.9m**" ven ri Dom, +rt DD (n+r4+ I)E'(m,—k nah 3r 7/4) 


, gp m —=m+n+h+3r+ő/a. A 
: m,—ktn+h+ert+7/4 


= al, (2), (H., p. 48). (11) 


Example 10. When h(x) = K*(z/2), we obtain from (D. 1) and (D. 2) (H., p. 39) 


Tim +4—k4 (mn t+vt+r4+5,4)0(m —v+rt 5/4) 


V 7. p 
acp SES 2, rf D''2m F1 r)P(m +7r+7/4) 


I'(4-4m-Xü- 


+y +5/4, ~y t 
egene E vtr+5/4, m EE al 


m+r+ 7/4 


I(-m+4—ht nly -m4+rt+5/4)T(-—v—m +74 5/4) 
r! P(-2m-- 1c r)'(—mo-r-4 7/4) 





t D(2m)D(-2m-1) P 


—m+tvtrt+5/4, —m—v r4 5/4 
x ap) meeuP , i-r] 


—~mt+r+7/4 
E K,(z, 2). (12) 
provided (2m) 1s nol an integer R( tvm 5/4) 2 0 and —4 < Rp) « 1. 


Example 11. Since 
(=; g?r 


Ge E pecus rena 


(The function of Struve), 


be 24 
5 opo z 
i L2) = 2 Pa I(r-3/2)T(v4 r4 3/2) 
(The funetion of Struve for imaginary argument), 
x 2r 
L(2z) = a 2 T 


rsol(rc-l1l(vcr-cl) 
(Bessel funetion for imaginary argument). 


we easily obtam the tollowing Whittaker transforms : 


+ The convergence of the series of the first line of 411) can be established by using the definite integral 
for Fy viz , 


, e an a Fe) LEI =) Izt) di 
Fla; G2 e632] = mf. ( ) ( IN 
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(Sup c de ee a a 
ro Die -8/2,Pwv -r45/2) P(v - k + r+ 11/4) (2p) t^ 


-— pou re 
dis v~k+2r+11/4 


= H,(2z), R(v+m+9/4) >0, R(p)>2 and :p >2. (13) 


(b) = D(vtm 2r 4-0;4)D'(v —n + 2r 49/4) (2p)- (à) 
o L(r-3;2)1 (v  r-5/2)'(v — k + 2r - 11/4) 


p pos v—n-ZrtUj/4 ij 
SS v~Ah+2r+11,4 


= L(2z), Rlv-m+9/4)>0. Bin nand p, 2 (14) 


(c) (H., p. 85) 


T'(v4 m 2r 5/4) (v — m 4 2r - 5/4) poe v-m-2rr5[4. d 
eenz I(vc-r-1)0D(v—kco2ra7/4)(9p)rt?r ? ! v-k+2r+7/4 


== 1,(2x), R(vtm+5/4)>0 R(p)2 0 and |p. >2 (15) 
Example 12. When h(x) = 2W,,(z). we obtain from (D.1) and (D. 2) 
I'(—2m)I'(2m +1) = D(gtm—-ktnlat+mtver t+ 7/4 A+m—vert7/4) 


PPü-m-DPe-À5 ven ri l(2m 1 DA m —a - 7 9/4) 
x here p t mtt nt tu Atmm—vtr+ 7/4. i- p] 
s At+m—pir+O/4 


+ 

+p TI'(24n)T( — 2m +1) $ T-m-k+rr A- ~m+ver+7T/4laA—m—virt 7/4) 
I'(4-4m-EkJI(à-m-2)**6 rl I(—-2m-r41)T(À—mc-p-r-90[4) 

A—m+y+r+7/4, A-mo-vtrt 7/4 i-r] 


x (E "nei, rf 
(2p) "sd A-m—ptrtald 


= a W (x) (16) 


provided (2m) is not an integer and BO +m vt 7;4) > 0 and —3 < R(p) <}. 
Ezample 18. Since 
Daf (2a)} = 232A uaa (2). 4 
We have, from (16), with A = —4, a 


* The convergence of the series follows easily by considering the behaviour 
a+r, EE (c) E a, 2b 
F Dt USE po ve, : : 
1 | cds dÉ < Sg zi x 
where (a),e8F (a+r) / F (a). 
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I'(—-2m)Y(2m + 1) ; e lir-dtm-h)Outrrct7; 4) (n+ +54) (Qp)mtrtt 
l'(44-m-—k)T(g—-m-k) 20 r1 lT(Qn-cl-cr)oP(n-dncrr7/4) 


Tu pu m+r+5/4 i \ 

x ; 4- 
7 ps n —3n i-r 'T1[4 P 
2 Dl(4—m-—k-c:)b(—mn--rr7/41(—mcrróo/A4)(2p)-"*r*i 


I'(2mjL'(—2m-1) 
r!]'(—-2m-c 14 r)DL'( -in 4n 1 0 7[4) 


D(4-m-E)JI(4-m-—A) + 





—m+r+7/4, —m-cr4o[À 
i dëi 
i —-m—dn+r+7/4 imp 


= 2-D,f/ Dik -4<R(ip) <4 and R(Emc5/4)20 (17) 
Example 14. When 
hee Sa eee IE cm) 


we obtain, from (D. 1) and (D. 2), 


wee nf EAE RAF Unger 21 
(3 vt AM(b- =pl 2*1 EES 








2 (rt veg +a) (5As24+ mt r-1)D(5A;2— m ro 1) 
ci TQ +2A4+ DI (5A;2— E 74-3/A4)(4p? 


it 


! pts 5A/2-m+r+} i} 
3A[2— k  e4-8J4 | 


FENI- 2A + 1)(2p)- E (r—A d tl (tmr +r- mr 1) 
2-Mti =0 1! IYr-QA+ DI (4A — +74+8/4)(4p)* 
"ge 





AA+m+r+d, :A-—m+rt+h 
x "A £) 
$à—h+r+83j4 


A got IP. ail, R3A/94m€A-120, R) SD and p >4. (11) 


Hd 


Erample 15. When* 
h(x) = Xy{2¥ Gel 


= ber B J (2r)} + ber, {2 y Rx} 


where 
Ke 


| 


a mt b Qn gi : 
An" X424 Gz)] am o F,[n 9 1, Àn* 1, n $5; 27] 
i n 


ber(z) and bei(z) being Kelvin’s functions. We obtain, from (D 2), that 


* It 1s easy to see from the asymptotic expansicns of ber(z) and bei zi that X, {2 (22)] =0 {r-t exp(4 23] 


for large z. 
3—1718P—ł 
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S: ` Din + m+ 2r4+ 5/4) (n 7m + Or + 5/4)(4p?)7* 

BRA. r! (n+i, r)(àn A 1, (än +h, site kt Ze LVI 2 

p pose n—m-2rcró5/4. } 

TS n -—k-29r 1/4 


E vip y (2a)}, Rintm+5/4)>0 and R(p) >0. . (19) 


Example 16. When 
[ h(x) = zéi -D(1- z)-^-4. 
We obtain from (D. 1) and the integral (Whiltaker and Watson, 1027, p. 340) 
Wi wlël = NN aia m f m Lilgk-itUe-di, R(k-m—4) <0. (F) 

I'(4- km) : 


LoPC-em)POm D) EEN 
Pg- m- MO am H 10 r! DG+2m-+1) 


: x ei? pH tmnt S) Ty | (4A-F mi -n4- r4- up 
, d In ms qus 


Dä" — 21m + 1) 2 I(r—m-r4-—k)D'(4A —mt+74+3/4)(Qp)-mtrtt 


"PI I m — k)tY j-m-—k ) r=0 r! IYr —2m +1) 7 


x eX? p- GA — m-n+r+5/) Jy A Aan B-Lëkzk (p) 
: | Ih- —m-mn-4 fred} 


| : 
= gio-r(1-2)-"-t, R(p)20 and R(JA£m-43/4)2- 0. ` (20) 
Example 17. When h(x) = e- a^(1-- 2); were u is a positive integer, we obian 

from (D. 1) and integrating term by term by the help of (1.2.D), 


2p I(-2m)L'(2m +1) 2 L(mm-c-Ti- KT (gpymtrts 
I (4 —m-—k)($-cm-—XR);7o rt DP(r-2m 1) 


cl 
x 2 Ar Jk RE E re ee (2p*) 


I(2m)T(—2m-1) & L(—m-ci-—k-r),,.. 
4-9 Op'-»nctri 
"pe es EISE r1 Di —2m +41) (2p) 


T NT 
x $ iy YO -obrHECESH R trp 48/4) (2p) 


= emika(l ez), Bin 0. | (21) 
II 
g 2.1 In this section I have generalised some of the rules of thé Operational Caleulus 


wes 


^ foy our new transform, 
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2.2. It en = h(x), then 


~ 


qp | 8) i h(ae) (R.1) 


we have a 
yp) = p f (2zp)- 3T, , (2pz)h(a)da. 
0 


If we first replace p by p/8 und then z by «8, we obtain {R.1) 
2.3. If ein) = A(x), then. 


d n Ł at 
apes = [ x. } {h(x)}. 
(rg iet & (235) PEN 
On differentiating both sides ot (R 1) with respect to 8 and then putting 8 = 1, we obtain 
E TRAD SU 
A repeated differentiation with respect to s thus yields 
dNS oa kf d ) 
cunc = h 0. 
( D d {p(p)} = (ws {h(z)} n> 
It being understood that both sides exist und are continuous. 


9.4. If e(p) = h(x), then 
e cdd z d 
f «25 frot pa 
p P 0 7 


Divide both sides of (R.1) by 8 and integrate between zero. and unity with respect 
(o8, we obtain 
T «(LP & J h(a). 
p a 
p 0 


2.8. lf ein = h(x) then 


f st 3 fno, (A 
0 p 0 ý 


true when the mtegrals converge, 
If the integration in §(2.4) is taken between the limits zero and infinity, we get (R.4). 


2.6. If e(p) Mel, then 
p 
J o(p) a? = f h(x) (11,5) 
0 p 0 S 


lf we subtract (R 3) fiom (H.4), we obtain (R.5) 
2.7. lt píp) = h,(x) and ein = h(x), then 


20 S. k. BOSE 


l " dt 
| e, Gu)h (o) = J h.e. (057 | (R.6) 
0 0 
. provided that the order of integration may be inverted. 
Here 
g,(u)-u Ta u)7* We (2t u)h,(t)dt, (2) 
0 
and *) 
vat) = tf EE (3) 
0 


and therefore m 
du 


f 9, (u)h.(u)— = [n f (264) 3 W, ,, (2Lu)h,(t)dt 
0 0 

= | h(t) (2tu)-*W, m (Bth (u)du |dt 
f fe | 


= | h,(t)@,(t) 2t x 


provided the change in the order of m tion 18 permitted, 


Regarding this change we note that the condition for the absolute convergence of 
(2) is R(u3-m 5/4) > 0, where h,(t) = O(t#) for small t and an additional condition, 
if required, h,(£) = O(e-*p, R(A) > 0 for large t. Integral (8) will be absolutely convergent 
if R(u,+m+5/4) £2 0, where h,(u) = O(u*) for ‘small u and an additional condition, 
if required, h (u) = Ofexp( —1^:)), R(A,) > 0 for large u. 

We have imposed, however, hard conditions on h, (e) and h,(x) for the justification in 
the change of the order of integration. These conditions, however, may be relaxed. 


2.8. lf op) = h(x), then 


dæ | T(5/4- m) (5/4 + m) 5/4+ m, opcm, 
[vet QT (7/4—k) zl dE JI ww (RD 


provided Ree > 0, where h(z) = O(z*) for small o, Hero 


nos f (2æ8)-+TV,, , (22s)h()ds. (1) 
0 s 

Integrating both sides with respect to z from zero to infinity and on changing the 
order of integration and integrating by the help of (D.2), we gel the above result. 

Now as regards the justification of the change in the order of integration, " (1) 18 
absolutely convergent if R(ztm+5/4)>0 were A(s) = O(s*) for small s and 
si TV, ,,(2e8)h(s) tends to zero uniformly as 8 — co. 

` Also this result ean be considered a particular case of (R 6), when we take h; —1 and 


= I'(6/4-1n)1' (5/4 —1n) p Srami, J 
P7 —- Gak) — C O6 "j4-k 
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2.9. As an instance of (R. 3), we take (1.2.9) with b — 1, nz d. w= 4 and a= 06, 
va > (= — Dia +2r+9/4)1(—m 92r +4) /4) p pn —nm-r22r + 9/4 T 
8p rl T(r+8/2)0(—k +2r+11/4)(4p)” ° 7 —k 42r 4 11/4 è 


= enz, R(im-9/4)20, Bin >0 and |p|>1. 


Applyimg (R. 3), we find on the one hand 


e p cS a 
p 8 For! I(r-3/9)LD( ke 2r 11/4)(2r - 1)4?rp" *! 


S prem uel s}; 
—k--9r 11/4 


term by term integration 18 justified due to the uniform convergence of the infinite series 
for R(4m+5/4)>0 and | p| 2» 1. On the other hand, we have 


J Mei? e em di. = Sl(z) 
Q Q 


,? 


Thus, we find as the Whittaker transform for the ‘‘Intogral sino. 


VS S ( — FI'(i 2r - 9/4)I'( m -2r 9/4) /: uide i —-mtZrr9,4 st 
8 orl l(rt3/2Q)l(—k+ 2rt 14ers Lapeer | —h+2r+11/4 Gë 


= Sitz), R(4m+5/4)>0, |p[2 1 and Rp >09 
2.10. As un instance of (R. 0), we take 


h (x) = ene "toen TT (27/4) 


" LLS i? 
e (CPI nt) gp (itte (p) 
(m+n) 


= pp), BI ni > —1 and RUl—m+n+1)>0 
which can easily be deduced from the following integral of Shastri (1944) 


* 


f mmo Dat zi A a pa) gap Wy E 
3i d4- n) vs 


: 2I'(n +1) b 
R(m ni —1, Bim n -2l 4 1) « 0, 
and ^ h(a) = yr atte dn 
el + m+ 7/8)L" y—4 + 8 1117 , 
SM I TB eie g,- ogu (0/2) 


= ep. Rivkin +7/4)>0, 


which ean easily be obtamed trom the lollowing integral of Tewari (1045) 


22 sS. K. BOSE 


p f Gett E (rp)e Hio it da = rt Am + ll Gv — Au 7] ST (y/pytiytte ir 
I(v41 ^ 

+ : 7 2 

x ,P Pf? EE inc m Cla Riv n+ 7/4) > 0 


and the integral due to Meijer (1984) 
—k k— 
EERW pom (0) = Tol to" 16 —( Bi I" T, Er m ; - Uthat (A) 


Hence, applying (R. 6) and using (D. 2), we find that 


OI - m ~4v—-5/8( — Pra —m + Gy +n + ini + 7/8) 


2ļ—m 2 n M 
J aW 484ml" [2) Ti n (Aide = "Dia 1 DI (hv + 4m + 7/8) (av + +1 — Aan + 15/8) 


by-n4jpna7/8, iv—-jgm Ed) d 
An nt Aan 15/8 , 


provided that, R(v x € 7/4) 20, BU n) > —1 and R(l— m t» 1) 2 0. 


X 4l 


III 


© ` 8.4. We now give a theorem which will be useful in evaluating integrals involving 
our new function G(s) introduced below. It will be seen that even our examples cover 
some of the known integrals deduced from the theory of Laplace’s inlegral, 

3.2.- Theorem I. If 
ein) = h(z) 
and i 


kont" rar = g(z) 
then, provided the integral is convergent, 


Cre) = | «8i (1) 
where Y j 
grat — Lia arr. N oo 
I'(i—-m-—k)I'(-m pill r! I(r4-2m +1) 


aX ei (pF 9(p d 8)- 3 (m, 4- m-H, MULT ER + 8) 
4) 


, Ke gc met 
"I(Qm)(-2»*) ^X IG-m-krpT(m,-martS/Dug.uo 
T-m-EDmw-1). rt T(r-2m 1) 


E S pe -i0,-n-l, +r+9/4) (gp) - nr W E bf tens (p +8), 
i lion m4, +r+65/4) 
(2m) and (m,+m+5/4) are not integers, R (m, 4m 0 5/4) > 0. 

9.9. Proof of Theorem I. Here 


g(p) = p J (2p) * Vy, «(2pz)h (z)da (1) 
0 
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and E e 
Lo 0. bAieeiczmttaich = d e *'g(s)da (2) 
Sa R 
Bubstituting the value of h(x) from (2) into (1) and on changing the order ot integration, 


we get 
l Ke Ke S 
-e(p) = | 9g(9| | Genen) +x) Wr; ,(2pz)e **dz |ds (3) 
jen = [at | jn 


Using (D. 1), this gives that : 


*. 


i = i Laf, -z| [(— 2m) (2æp)*tt y m+h—k i 
en = f sof | Genre caen [CEDE ed oma za 


Um) (2zp) ^** -zp ne ‘ \\ | 
S Ta+m-k) di —2m +1 ged pon pate 


Further expanding the hypergeometric function and integrating term by lerm, a process 
easily justifiable, by the help of (1.2.F.), we obtam (9.2.1) provided (2m) and (m,+m+ 5/4) 
are not integers and R(m, +m 4 5/4) >0. Now, in order to justify the change of order in 
(8) suppose that 


Ws) = 9(0) | (apria +a) Wym(2pa)o-*da 
‘ 0 


= g(s)G(s) 
Now, I have shown below that 
i | G(s) = O(1) for small 8. ` 
It ıs evident that 6(s) 1s uniformly convergent-in 8 > O, if R(u,) > 0, where g(s) = O(a) 
for small s. 
Again, consider the integral 


[= d g(s) fi (Qap)-t2"\(1 + 2)h Wy, s (2pa)e7?*da ds 


N 


where A is large. 


0 A 


Now, for large values of 8, I does not exceed a constant multiple of 


f ie f | (Qup)-ta0" (1 +æ) W y m(2paje—* | da |ds, 
0 0 


which tends to zero, 1f R(p) > 0, on account ot 
d j d 
Wi(2pzr) = O(a*e-?*) for large z, 
the integral J e^ |gís) | da being supposed to be convergent. ^: 
0 
Hence the change m the order of integration is justified under the conditions 


CES XI . Ry) 0, R()zU, dE. 


- 
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f: g(s) | eds . 
0 


being supposed to be convergent. : 
3.4. Properties of G(s), 
We have e 
G(s) = J c7" paj tm] + AEN a (epayda 
0 


It foliows from our definition of G(s) thut 
G(3) = O(1) for small 8. 


If fm, x m 4 5/4) 1s not an integer, the tunetion 


* 


eicht + r)hW2pr) 


salisfies all the conditions of Watson's lemma (B.F., p. 226) regarding the asymptotic 
expansion of function representable bv Laplaee's integral and is 


Ole mi) for smali x, 
We accordingly have from Watson’s lemma 
G(8) = O(s7™+*-5/)) for large 8. 
3.5. Corollary. If m (3.2 1), we put k = 1, m = +4, Winttaker transform reduces 
to Laplace transform and the theorem reduces to Shastri's Theorem (1045) 
3.6. Examples, 
Q) li ; £ 


—$* gud m, =°]? 
(8) = SE : nm, — 18 
i I'(2m,-2u—1) ntt at 


then (H., p. 50) d 


n—gudh,-», 43/2 
h T 1 c (hyp i) =m, + — ea E E -— 
A : ) E {1 myrtetkoEnu 4 : R(n +m, 3) > 0, 
or 


h(a) = an-s parata È TC-2m)L(2m * 1). wutz? 
DAD : m Im Dre ? 


xy remade k)I'(n- -utmtrk5/4),4, 
ol r! T(r--2m +1) 


x pic Terri HS E E E 


T(2m)I(— 2m + 1) (2p)-"*i > D(ir-m+4—-A)D(n —-p—m+r4 5/4) 
P(3 m —k)r(4 —m- =! Cen r! D(r—2m +1) 


x g'eihputimtir-9 Wilnem -r-ibd(-Ju-m-cr5H) 


due to (1.2.20), provided (291) and (n — & +m 5/1) are not integers, Bi + + & —n — 5/4) 0. 
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Hence by (8.2.1) after replacing m, and !, by m,—/, ~$ and m, + k, —3 respectively, 
we have ' 


A 1 P | 
SPON CEN J e trgutmi—8/2M ath utm 108; G (8)ds 
1 
0 





4, I(-zm)I(2m +1) (2p) eS Dotm+4~—hk) Pin nt mtrt+5/4) 
Lim- hr G +m — E) r! D(r+2m+1)2°7° 


hi 


x psc ine Ae LEET my -1)4( -3a mr 5/0) 





l(2mjI(-2m-1) _ (2 pu I(r—m-4-4-—k)T(n—-g—m--74-5/4) 
l(2—-m- TG ue) ii r'l(r—-2m-r1j27* 


X peta aOR Loon bs dt -Ja- m+r+5/4)(DP), 


provided (2m) and (m,—k,+m+3/4) are not integers, R(t mt+y—n—5/1) zu, 
R(u +m,—$) > 0 and Bian, kb, +m+8/4) > 0. 
On putting k = 1, m = +}, we get the result due to Shastri (1045) 
a If 
g(s) = an (24/8) 
then (H., p. 28), !, being a positive integer 


h(x) = en Me mech näi + nh È ES I'(— 2m) (Om + 4- 1) d Disianzk-—kämintri? 
^ Dun bi 14 +m- k) |! Tro 2m 1) 

i 
x S me ran: SE DE ose Li—ntr+et~ -p2 V p) 


( e() 
T'(2m)T(- 2m 4 1) b I(r—-m-4-k)y(2p)-"*7** 


D(g—-m-KkH(3-m-h e r! I(r-2m +1) 


f 


L "el : 
i A, zi t Jap icm PE qs t eer n V p) 


due to (1.2.91). 
Hence by (8.2.1), after replacing m, by m,—l,—1, we get 


[reus = o. TOMED S Terms - Rape 
ax MEL I 


o 
A izh 
x * zi pua niet (2 V p) 
t0 i! i 
ZI (2 )I Y — 2 +1) I'(r-—m-4g-k) (9p)-»trHt 
I'(3—m —E)U(3 4m ~k) Lur! T(r- 2m 41) i 
h Ih 
x 5 z( Jorio A usu onc (24 p) 
(mo t! NE 
provided (2m) and (m, —l, m — 3) are not integers, R(m,—1, 4:94 1) >U and Rip) 2 0, 
4—1718P—}] « 
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On putting k = $, m=, we get the integral due to Shastri (1045). 


(i) If 
g(s) = e"? 
then (H., p. 16) 
h(az)g- - = T 

leiwt) +2) = 

or 

h(a) = am) trai? if H8 8. 
Hence - 
Sal -(-! l e7 9 2pgyi"*t Ly (Qpa)a (1 + z)7tda. 

o 

Since 


Ly (Qp2 = II n +1) > oye 


we have, on using the integral of Erdelyi (1928) 


fomnia rz)idz = D(n-ijgbtieUm W A 41/8), 
0 


f erri 
ln) = (—YW IG ip C EUNO EHE EDS AM E W, : 
=o) = (-) (l+n+l)e 23 (=r) lr! LU +n + rpt On +i ++) |n WEE ne 


Hence by using (8.2.1), with k = 3--àn 4l and m = cim, we get 


-Glad (—)y Dia, tr intrt5/4)(Qp)eetrts T 
f: ES > (=r)! ri MlLtntr)ptetintets 75 ^ ( "Hs in "ru 





o 
de) 1 Rio, + in € 5/4) > 0. 
iv i l 
gs) = e~ ws 2 
then (H., p. 16) 
] Lent, bs vr 
(Lëlz) ti" MER 
or h(a) = zz" for I, = 4 


+ ja Ulm +m + 5/410 (m, mi + 5/4) p pore 5/4, m,—-m- 5/4, j 
m Om, +1 T'(m, —k+7/ din, m, D? " 7/4 > 2 
due to (1.2.1). i 


Hence by (8.2 1), we get 











"ec TOn +m + 5/4) T(m, =m 5/4) e QE mo 5/4, m,—-m-r5[4. ! 
—— G(s)ds = SE „F 
J Vë (8) 8 Af Tr m, Dn, —k+7/4)p™ in ki 4 ; i 


provided (m,+m+4/4) 1s not an integer and R(m,+m+5/4) > 0. 
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TORSION AND. FLEXURE OF AN ISOTROPIC ELASTIC CYLINDER 7 
WHOSE CROSS-SECTION IS A SEMI-CARDIOD 7 


By 
~ D. N. MITRA 


(Received February 27, 1949) 


1. By representing conformally the area of the cross-section of a beam on -the 
. unit circle, Muschelisvili (1929) and Ghosh (1947a) have given explicit function-theoretic 
solutions of Saimt-Venant’s problems of torsion and flexure respectively. When the 
mapping function is of a complicated form, we meet with some difficulties in evaluating 
the integrals appearing in the solution. But when the cross-section is bounded partly 
by a straight lme and can be mapped on the upper half of the-unit circle by a function 
of simple form, the straight boundary corresponding io the bounding diameter of the 
semi-circle, the torgion-flexure problems can be solved by an extension of the 
Muschelisvili-Ghosh method (Ghosh, 19476 and 1948). 

For such a boundary, Ghosh has reduced the problem to the determination of 
functions analytic within the upper half of the unit circle, real on the real axis and taking 
‘prescribed values on the -semi-circumference. By Schwarz’s principle of reflection, 
the functions have been extended to the.lower half of the unit circle and have then been 
determined with the help of Schwarz’s formula. 

2. Let = e(t) be the mapping function which gives a conformal representation 
of the area within the cardioid, 

r = 2c(1—cos 6) . (2.1) 


on the unit circle, so that the upper half of the region within the: cardioid 1s ‘mapped 
conformally on the upper half of the unit circle in the t-plane. Let æ, 8 denote ` 
respectively the upper and lower halves of the circumference y of the unit circle, and let 
a, b denote the cartesian coordinates of the centraid of half of the cardioid above the 
real axis. —_ i 

Denoting the complex torsion function by F,(L) instead of G(X) as has been done by 
Ghosh, F,(t) and the two complex flexure functions II, RI are given by (Ghosh, 
. 19476, p. 108 and 1948, p. 78), 





FQ) -2l ral Loi — ver doa = | Let -50/1 Ë (2.2) 


1+20 f [o(0 91/9]? ae, leo f F() -FQ1/0) BT 
"x p c0 El perci e 
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PO = Si Tatta. J |- M | f ees npo «yr ay f | 
a B 


dr t—4 


e 


t e)b DIEU qu, tte | Ea af (2 4) 
d » E 8 


Zei t— Sx 
Y 
where 
d 
PU = d Leift —a]w(1/t)du(t), (2.5) 
1 « 
" t 
Git) = J SITTI 2.6) 
1 
L(t) = f ' To(t) of! D] dott). (2.7) 
l 
The torsional rigidity of the beam is given by (Ghosh 1947b, p. 108) 
DN, = (Nart Noa) (2.8) 
where 
Ny = 2 f J y’dædy (2.9) 
pM . 
Na =-4R f POYO] f. FAAEA] (2.10) 
a —] vto 
the integration m Nu being taken over the area of the semicardiod. The flexural 
moments are given by (Ghosh 1948, p. 79) S 
E N, = NatNat Nis, N: = Nat Naat Nas (2.11) 
where, N 


N,, zi [1 e)(z—aj (y — b) -e(y - b) 3 211+ e)azy — (1. e)a(ay - bz) ]dzdy, (2.12) 
n 


Ny = ff [e(z — a? — (1 e)(z — a)(y — b)? + doa(a? —y?) - 2(1 + 2oybay 
7 


—e(a? —Bay’) +{(L+o)b? —2ea? Te + (13--90)aby]dedy, (2.13) 


1 
Na = -AR f EQU- f, POHD e-12 — eap 
e Set 


l 
Na = PRG +ib) | [Fd ouo+ f row] jet ` ea 
a -1 


the integrations in N,, and N,, being taken ove: the area of the semi-cardioid. 
The co-ordinates of the centre of flexure referred to axes through the centroid 
parailel to the coordinate axes are given by (Ghosh 1047u, p. 7) 
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x, = LaNa LN, = yr = — I,4N4— E4N, ; (2.10) 
AL t e) Ts In) (1+ oXl las — T12) 


where 7,,, 1,,, und 7,4 ure respectively the moments and products of inertia of the area 
of the seémicardioid with respect to the axes through the centroid of the cross-section 
parallel to the coordinate axes. 


In evaluating the imtegrals it may he observed that the amplitude of t changes 
. from 0 to m and from — to 0 respectively, as we describe «æ and £ in the positive sense. 


TonsION PROBLEM 
8. We consider the torsion problem of a beam whose cross-section is a semicardiod 
bounded by r = 2c(1= cos 0) and the initial line. 


The mapping function which makes a conformal representation of the completo 
cardiod on the unit circle and hence the semi-cardiod on the semi-circle, and the real axis, 
on the bounding diameter of the semi-circle, is given by (Sokolnikoff, p. 245) 

g= nl —-—o(1-4* (8.1) 
Substituting for w(t) in (2.1) we get 


\ 


| 
FAO) = E | f (eat +40 442-104 i wg) ll 
a B 


Evaluating the integrals, we get 


E ibd z + S tu) logs] 62). 


omitting a constant. 


4. Before calculating the torsional rigidity, we will.discuss some definite integrals 
which will be used in evaluating Noss Let us consider the integral, 


" 1+¢ 
Plog — 2d 


where p = 0, or a positive or a negative integer. 

The integrand has singularities at the point & = 1, and & — —1.. But as (1-— " X 
log (1-0) and (14-0) log (1+) tend to zero as § tends to-the points 6 — 1 and 6 — — 
respectively along o, the integral is convergent. Integrating by parts, we easily find ^n 
when n is zero or a positive integer, 


i 


fe log i+ di = 0; (4.1) 
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m UT NND M (irite pE ) 4.2 
ik logi LES Het S Intl (4.2) 

When n #0, we also find by the same process, 

1+6 dý Qin 
low LES OS — | 4.8 
J eicit on —] E 
gits, d SIE 1 eig) 44 
Je Queue un 3*5 2n—] KS 
It is also seen nt once that 

1 EECH 1 ETA 4.5 
IP A res. Lol te tz 7 (4.5) 


Let us next consider the integral, 


i 


: 1+ 
J eii 


When p = 0 or a positive integer, (he mtegral can be evaluated as before, and we find 
for n > 0 


f £^ log : Er à dé Z (4.8) 


oe] 


1 1 ) 
az) TUR ET ELS E ELE 
f : SEL es are aa 9 6 "al n 


But when p is a negative integer not equal to —1, the integrand has a smngulerity at 
€ = 0 in addilion to those at £ =+1. In such cases, we consider integrals of the types 








I - f [5s log en e  FImAC CC mI Jag 
2a" E gem er E SH 1. ].£-t 3. Er 5. pus (Qn = Dé 3 
l 
1 1+é 1 | 1 l 
Das p qu E Rma “gael ee 
2n*1 R pgn log —£ I go ror o pont (2n — 1)£* £ 
when n Æ 0. 


Suitable tems with negative powers of é have been introduced to cancel the 
singularity al ë= 0 These integrals ean now be evaluated by mtegrating by parts, and 
we find, 





l H 1 1 : 
I Set —— Mee nm pa ^ aie D 4 d 
" i tae ud "Sal eH 
Finally 1 
, ] Ic x 
I, =f Tip E dee (4,10) 
bs 26 “I-E 4 
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5. We have, 


E J Í j^ dady = 2106 (5.1) 
and 
Noc f ro [Eg =| - —ic* [ Fed LO — é] 
hg vie? 
UR J [i.i + ton) ox E] a2 f oett log e| ae 
OCH 
ée Gi 
- petes 15] a. 
“=I 
where, 


od. O0. 14 Lal 20 37 6 1 
hue OC ee pecie d : 











99 M^ AN SN qe ce qut SS 
6,27, 2 12,6 1 
met are — DC + 120 C ~ 27¢ -+ OG ame —- SEET 
f G) SEI C Sr967 a tat a BU 
Ju lÈ) EI epe -96£ dr en. o. E420, i 
7 i + e 
Joal) = — ME! — TE + 106? — 2184 GE + 428° — AZE + 6), 
_ 58 7 1 
Jos(E) = E x E N Ze 
1/21 19, 7 |l 
Using results of Art. 4, we have 
x 320 
sl + foals esi ds E qu 
i : 
| + 99] 
f DOG log Si d£ xdi ie: 
| —É ) 
-1 
EI : ae 
| [IE + Suë log Ei = — 211, +191, -T, +1, = —2]81—7. 
EN = 
Hence, 
4 
Nog = Ê (- MH +4) Y re! (5 2) 
T 


and, therefore. the torsional rigidity of the beam 18, 
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pot (215-52 (5.8) 
or 


FLEXURE PROBLEM 


6. We now consider the flexure problem The coordinates of the centre of gravily 
of the cross-section are given by, 


ac Be, b= Ze (8.1) 
Or 


The first terms m F,() and F,(¢) are och and —eaF,(t) respectively. ‘The 
mtegral, 
f 190-500]: 3t. = e [a-oa- er e 
"y (hg y t (t EE: Q 
can be evaluated by Cauchy's Residue Theorem and its value, omitting an additive 
constant, is found to be 


jete" — C + 60^ — 1204 + 2C? + 270 — 30610). (8.2) 


Also, substituting for w(t), and integrating we get, 


J MA : 1 
a B 
40 T 6 5) 


et 45 Sy- T 





C arsy E lors i0. 1 SEA 3 i) iti] 
ET KE -5 L—— —— — ec ze } log ——2 
(Mrs $ ree an p^ae)esiu (8.8) 
omitting a constant. 
From (2.5), (2.6), and (2.7) we get, 
Aware 10 +3_ 25244 seh 
FQ = e EE (6.4) 
om = c? D TER t &6logi] (6.5) 
HO se |-5 + 205 —4¢* 4 140 — 2804 28 — D. ta- x] (0.6) 


With the help of the integral 
[ 8a zx Zei log (1+9), 
TS 


5—1718P—1 
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and using Cauchy’s Residue Theorem, we have 


Deg pn Seet coe ap pa) (6.7) 


T 





J [G(t) Sal pup riot [P -8 + 1D log ep ` Gë 
A direct integration gives 
z dt 
(pg: pn Fl "E J 


Le a 98, 88,87 2, 1l 
= 4c? IZ b 44 (3 — utu Esc cr ) 
SCH 5° er 3p 


-f 


Teiss pri ly , 19 22 19 1 2,1 gn) e ed: 
+( — = 08+05—204-— 20-2 U0-—995-98— 7 a Tf log 6.9 
(- app spuer Cros ae ciel ES 
omitiing'a constant. 
g Using these resulis, we get 


PQ = DRG + C* + 605 — 1804 + 420 — T8C* + 080) 
+ ZO (8 4.05 = 154 + 290% — 2547+ 162),” — (6.10) 
x 3 - An 7" A 6 1 
F (© 2 —eaF,( -2 | (t-o Be op +28 EEN 
ll = 7eaF(()—75 (e T6 CHEN U gU yo y 


Y V arspenmuImebov 10 4 "ON: Ds 1 1+¢ 
E 8C 7t TU S 4 10t — Mt- ptp Et log 7 = 
"ree |e- oT 04. 1708. 904 87 6 sl 

C C | 3 G E C TE d E dd SC SW C 





(14 0)c? |(- i ‘ d , 19 22 19 1 
-+ + 0° OT 2 — 226 +28 — — = 
2T 6 s- = d Pi ©. "e AC 


Dodo a) og H- tog (Ed (0.11) 


7. Integrating over n cross-section, we get 


T dady = Bach, 7 j rzydzdy = ES et, (7.1) 


f J z*dzdy = ae (d f delt = Ze, (7.2) 
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[fe ydady = ee J | Pizay s 


5 
Erud IEN =— "7, (7.8) 


ON 


Substituting m (2.12) we get. 





MC 172 62 -9 
A ug |- DEE to fan + $2 


7.4 
2015 248; Vd 


Substituting for F,(C) from (6 10) m (2.14) we find 


N,, = obN,— sRJC- C7 4 to BO + TEL! — 14472 + 1797 — 34t — 188 + 200 _ 88 


"e 
A Klemmer: mi Sib 


E di (—£ 4 9£ —39£ + 1156 — 9500 + 481£* — 4052? + 27762 — GB) de 
um "di (— £ + 928 — 3667 + 86£* —140£5 + 166£* — 1392 + 71£? — 16£6)4£ 
Substituting the value of b we get 
N 


score B) rs) Qn D 


d a 
Substituting for F,(0, we have 


1 
[EONIA f roast 


Si 


zc JAOD pace rta [ruat 


mI orti Ep ag- 2 SCH HE 150 9. log 13 E] ag 


(7 5) 


2o bc? 





«S f napita $E f oae 
where 7 2 


(-5420,.18 18 95 6. 1 
x ot ae Sy C lU 


— 
be 
d 
— 
eur v 
N 
H 


ee 5 7 7 4 5 
fi, (C) = at tgl ita atg seat op 


EE TEE d 
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fl = E 
gi ff) = £& —58 + SET PEHR, —gu(0 = - $6 + BEA AE + E- T, 
Eps REC Se 
gis(&) 3É + E E ) dal) e 28 "age 


g,(£) = E — TE" + 240 — 00£* + 1158 — 141£? + 68£, 
gll = € — TE 218 — B40" + 456° — 89 + 16£. 


Using results of $4, we have 


fatha 


Ing: LS — 141m, ge DUM E 





Ltt a = 160 64 
Der s=- Hn) 


Tun toe Shag = 072 


=I 


E ECG log z faa E Blob ues 


S - un 214 
[ dE = — 120, J g, (d£ = BECH 


Substituting in (2.15), 








664 406 , 65586 
A E SS Ue S a) | (7.8) 
Hence 
` 80 16884 400 
Nee [-2- 400 ] 
=e o] 97,5 c T (7.7) 
^8. Substituting from (7.1), (7.2), (7.8) in (2.19), we get 
M m" 2048 
Name [> 2 to (77355; | (8.1) 


Again from (2.14) and (6.11) we get 


Nyy = -00Na t g R f aO + fal 08 Bac 








rm d TAOGE fall TR+ fal log 00] 
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~ 


af AE * ga(£) log e dg t. J tes £ 9,46 log 15) ae 
-1 


"UE 
Bat IN + gaa (Ê) log SEN gs: (£) log (1 + lag 
Geer f Jugz aigle FTE) (8.2) 
where 
fa) = 0° - 80° + Tp- p ee Pix 


687 404 845 128 79,8 1 
150 159 154 30 B] GT Ew 


eT 
LA) =- e + 40% — 130% + 2004 — 76? — 280? H 566 — 44 


KN 


p4 5,28, 7 20,18 4, ] 
RT CN 1 Sg 


T3 132 53 ders 3076 t _ 1017 
ss ZB B75 A. (ër, iua 3 


,1088 1588 2044 829. 08 78 8 1 ' 
SC 155 15b 5 BD Bi gp 


+? 
ll = e + 4C — 120 100 + 970 — 1880 + 220k — 176 


1760 220,188 87 10 12 4 4l 


Ae Le mmm e ee 


OT ee Fee 
LE 
encor L1O8 es, nues 1518 SCH A A SE 412 1109 
Gaal) = — (P —9£^ + 857" — 752° + BOL? — 3384 — TTE + 1656" — 165£ + 77), 
1513,78 _ 106 KSE 
ie PTEE E E 


388 89 75 35,9 1 
) = Tag ag ee ag ) 
ga«(£ y: ge ge ee E 


gs. (£) = 


38 l D. N. MITRA 


940 ër gë e gs 200 











6449 ., | 4882 az CUB, 2191 
— “+ - cen] S 
15 15 st 15 15 


all = &(— E + 9E —83£ + 58£* + 21E — 297E! + 737E — 10802? + 1089£ — 737), 


Jarl) = —206(P — 3E + 30-1), 35 n RE 
g (£) 9 (£ E 4 ) d: (€) = Ser e ac & e 


.1(207 21 53 383 9 1 
gall) = 2E & at B "ete i) 


Using results of § 4, we have 


Rf [js (0 tog tjt 8 


Ris + fa (0) log $ SE log (1+ Opa d = 512 (Ss 2048 log 2 


a po + Jaa(€) log es d£ = 875 + — 


xb 





[ fons + gas(€) log el dé = ~ 881, +801,—751,+351,-01, +I, = — BI -53 gë 


. f dre oat log Se : De ga; (£) log (1+ Ə} dg = - SE + 1024 log 2, 


) 
f Tes (£) 92.0 log |i] d£ = 2971, —211,— 581, + 331, — 91, +, --4 a 
-1 
Substituting in (8.2), we get 
176 9 E (81 
NA = =| 1 dus cl ee 3l 
a EE 675 4 i 
Again from (6.11), we have 


I — 
Ted: f. Fast 
e -1 





= RE rss nas repas 77 [re esos Ap 
ee / [s f log 521 log LO} d 


«iron (ku + gi) log » j dE + f {ono +914(§) log i} d 


$ 


(5.3) 


TORSION AND FLEXURE OF AN ISOTROPIC ELASTIC CYLINDER ETC, 





4 
(tee 








Lf potrete oe Da: f GEES 


C 


m [ f 105.0) 9.0 log är gä ) log a+} d£ 
-1 


al 


39 


ia f {ose + gs«(£) log i-i ol (8.4) 





where 
" 61..91 298 58 58 , 298 01 61 7 1 
(yas E a Le EE ph i ee EE 
fail) S : sie" lot 15t5 154 "(ep A5 AC "mu 
1 ix " 21 4 48 ,,48 , 21 28 20 7 
Se s TE — UX? — be — 1e 
fa = - 5 EE 
, 101 is 1768 | 204 ` 204 387 , 55 1 
Ss zeg +10 — = — ee unti 
fasl 9) s E UR UE ese jon a 5t* Bc ac di + dd 
au. E Tui gee cg; 59. 189 SE 189, 50 5 9, 7 
flt 9 9* i 9 or d D OC + E d ct 
fas) = - 56 (= -3) 
nn Be He Mäe, 58 S8 
os late Der, posten, 
298 o | 61 7,1 
gas (£) = 15 ag BE ge + p 
, 2 13 ,14 10, 7 1 
dE S EE 
gE = — E+ TE 82 fe Dp SIG ga TR 0E 
3 3 5 15 
7 | 
gaalé) = Ën e+ ite — 150£ + 150, 


264 387 , 55 7 1l 

33 = 256( =] D EL J=- i st 3 "Boxer 

A = 250(E=1), O = ~~ IS TREE 
_ 189 | 99 | 9 7 1 
s -—- au ue 
440 o e ppc ip 


+) 


3b 


40 


Substituting the above results in (2.15) and using results of §7, we have 


(-116 - 


: D. N. MITRA 


Using results of Art. 4, we have 


: 182 1024 
[You + foal ten i LIP REI 








a 
a 








ff. ton 15 


a 


[fone + gas(£) jog 54 dg = -58-4 


~l 


€ M ET g4 (D 1 ee, ` “ey ae e E +281, 00 Poe. 
-1] 


f oett os tto E^ a geift eet ig = 444 = $ 512 og? 


mJ 
=l 


86 , 105 s 


NES -[- 1224+ 


Hence from (8.1), (8.3), (8.5) and (2.11), we get 





Xx EC 
dE 595 


Substituting from (7 7) and (8.6) in (2.16) and using the values, 


Pest ToO 


S gi ae, ee FY 


4 


(©) log (1 + Ort = 225 — 


dE 


21 


4 n 


m 


A 


the co-ordinates of the centre of flexure are easily obtained. 


I am gratetul to Dr S. Ghosh for helpful suggestions ail throughout my work. 
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77. 
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Sc 4 3o) 


í TO 
15 5 


124 dD 2 


cec Sse 


405 


_ 1024 
Ta 


2 


c! 


H 


) 


t= Uer + 512 log 2, 


f TRG +9su{€) log 2148 = — 1897, + 597, - 107, — 181, 4 7I, —- = T M 3 
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PARALLEL DISPLACEMENT AND: SCALAR PRODUCT 
Si OF VECTORS--II 


By 
, .R. N. Sen 


(Heceived March 19, 1049) 


1. This j 18 a continuation of a previous paper (Sen, 1948) in which an ‘attempt was 
made to obtain information regarding parallel displacement of vectors in its relationship to 


“the change in the scalar product of vectors in a Riemannian space of n dimensions with 
the metric - 


^ dëi = gydaxtdy. ` 
It was seen that corresponding to every arbitrary parallel displacement defined by 
^ dVU. T5 Vedat —:0, (1.1) 
there exists the parallel displacement; defined by X l 
: - dV Vde D —- TEM (1.9) 


with the property that, if the covariant derivatives with respect to (1.1) and (1.2) are 
denoted respectively by a comma and a semi-colon followed by indices, then 


ip^ ES Ttg" pta M Ipar t Hang = 0 (1.8) 
and therefore the two parallel displacements (1:1), (1.2) may also be defined. respectively by 
dV, = Di Videt, dV; = I$, Videt. - (1.8) 


The displacements (1.1) and (1-2) were called: associated or associate. They are identical 
only when the scalar product of two vectors remains invariant when the vectors are 
transported by either of the parallelism. 

Now corresponding to (1.1) there also exists the displacement 


dV + Uyeda = =0, p ET. B | (1.4 


Ihe two parallel displacemenis (1.1) and (1.4) may be ealled conjugate. Obviously Geo 
is self-conjugate if E is symmetric in p, q. j 

A connection between these displacements 3 may be obtained by introducing an 
orthogonal ennuple at each point of the space defined by 


Jy = Zh Ths ght = gth -2 (L5) 


: Analogous to Ricci’s coefficients of rotation (Levi-Civita, 1927), we may form coefficients 
of rotations with respect to these displacements. If the covariant derivative with respect , 
to (1.4) is denoted by a solidus followed by an index, and the coefficients of rotations with 
respect to (1.1), (1.2), (1.4) are ‘icf by 

6—1718P—]. ` 
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PPOR = Ph, ob nh?, Van = Phu gh" RH, XPQR c Phi, oh! ph? i : (1.6) 
it may be seen from (1.5), (1.8) and the two conjugates that 
t 2ópQn— PRP = PPOR, drop tërtg = XrQn t XPRQ (1.67) 
As a matter of fact, if the coefficients Atom refer to an affine connection E. and 
1 
d ag Ling ES Tog 
then 
¢per~¢pro = Apen—Apro, OY pent opre = Apor + ÀpnQ 
: ; e m 
according as Tp, is symmetric or skew-symmetric in p,q. 
2. In the paper referred to it was seen that if 
dV! 4 v VPA = 0, wi, = (og + Tho), (2.1) 


is an arbitrary parallel displacement with symmetric connection, and if the covariant 
derivative with respect to (2.1) is denoted by an ordinary bracket followed by an index, 
then 


V = M t $9" {pale Ipda — (ga), (2.1% 


where d Sr is the Christoffel symbol. Asa matter of fact, (2.1) follows directly from 


pq 
the cov&riant derivative of ggg with respect to (2.1). 
Now, by (1.8), the associate of (2.1) 1s 


dV! + Mäe V9dzt = 0, (2.2) 
where 
Ma = Vp 9" (gni) = déi + kat (pale + (8a — (gap! (2°2’) 
The parallel displacement formed with the symmetric part of v i8 
dV! -- AL Vedat = 0, (2.8) 
where 
Ap, " (Vp, Li Vor) = bu t kg" (9yq)s l (2.3!) 


Since, by (1.3), the covariant derivative ot gp, with respect to (2.2) is the negative of the 
game derivative with respect to (2 1), and 


2t 
Vs —Va =g "gece — (gai)pl 

so, if a square bracket followed bv an index denotes the covariant derivative with respect 
to (2.3), 11 may be seen that 


[Goole = — 51(gp0o + (9a). EEN 
The associate of (2.3) 1s the parallel displacement 
dV'+A,,V?dxt = 0 (2 4) 


where, by (2.3), l 
Apa = Apa +9" [gptlo = Get — ig" (go)». (2.4) 
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The parallelism formed with the symmetric part of A iB a 
 dVi+ pq V Pda = 0 . (2.5) 
where . Ss l GË 


a = Hh tA) = GE see Gà. Eat 


If a rectangle followed by an mdex 1s used to denote the covariant derivative with respect . 


to (2.5), then 


pe = &(gppct Goede + ëss, (2.5*) 
Again, the conjugate of (2.2) is E : 
dV el fréen = 0 E « ^v (96) 
where à; 
—: — l 
Vna = Vin x M kale: + (9qt)p — (Jot) at- e (3:67) 


The conjugate of the associate and the associate of the conjugate are not, in general, 
the same, 


If the covariant Ja ivative with respect to (2. DI 18 Beete: " a solidus followed by 
an index, 11 may SE seen, a8 before, that 


geht = (Jp Upda- (dato. i (2.6") 
From the results obtained above, we deduce the following formula: 
: 
M SS Dat OCH — Ypa). ' (2.7) 


This expresses the Christoffel symbol in terms of the affine connection Vos with which we 
started and certain others that followed. The affine connections appearing in (2.7) are all 


symmetric. Thus, the Levi-Civita parallelism has been expressed as a combination of l 


other parallel displacements with symmetric connections. 
 Binee we started with (2-1), it appears worthwhile to study this parallelism. A 
connection between it and the Levi-Civita parallelism can be obtained through the 
introduction of the coefficients of rotations. If the crooked bracket followed by an index 
ig used to denote covariant derivative with respect to Levi-Civita parallelism, then, ag in 
(1.0), Riccis coefficients of rotation and those with respect to (2.1) are given 
respectively by ` mE . i 

Yrqn = (Phi; gh n^, Beor = high! rh. 
It follows from (1.5) and (2.1% that 

Yron = 4{B8ror+ Bore + Bror — Bere — Born — Bora . (2.8) 
8. In view of the resulte`of the preceding article we are in a position to give a 


connection, in terms of the ates of change in the scalar product of vectors, ‘between 
ERR parallelism and the parallelism (2, 1). 


From (2.14, (2.3") and (2.60")- we have 


D 


"m 


ki 
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l 
i = ee —$9"(gpai—9"* Eo pale = Vs Mss ga pale 


Also, 
t 4 
d ij \ = [Vi.* 9" (gu + 39" (9): 9" L0]: = Vi, + 9" uy +49 Ger. 
Put 
ur = (goo) V Pda? TM, pas [gps Vide? ht, wp = qpa V * dac Thi 
"Then 


ub = $ (hu, v = A thivr, w = S phus, 


i T 


w = 2 Thius, Di = È Thy, w; = 2 Thywr. 


Therefore, if the notations 8 and d are used to denote mcrements with respect to 
Levi-Civita parallelism and the parallelism (2.1), ıt follows from (2.1) and (1.8/) that 


V! = dV'c gue v! = dV! + gu! 


Jul 
V, = dVi- gu; v4 = dV, + hu, wn 


The geometrical meaning of (8.1) is obtained by observing that the vectors up, vp and wr 
measure the rates of change in the scalar product of the vectors V and dz when these 
vectors are given the parallel displacements (2.1), (2.38) and (2.6) respectively in the 
direction of a member of the orthogonal ennuple. 

We may apply the notion of these rates of change in the scalar product of vectors 
in another way and obtain a geometrical deduction. 

Put 

T = ig" l(gpd) — (Ipt)a— (Gor)phs Tap; = Galen (3.2) 

Then (2.1’) gives 
Vin Leef + Toe (3.3) 


Now, the equations of the autoparallel described with respect to (2.1) are 


dy! "em dz! 
OA e At ma, Aes UE. 9. 
ES Vu 0, A 35 i (3.4) 


From (8.3) it follows that the autoparallel 1s a geodesic if 
pi = IAM = 0 


Obviously, the geodesic curvature (Levi-Civita, 1927) of the autopurallel is the vector —p*, 


Put . i 
Pr = 2 Thip! = TUAM ch! (3.5) 


Pr = la(gii [J] RAAN rh! = 89,3 rh. 


Thus the condition that the autoparullel (8.4) is a geodesic is that the rate of change in 
the length of the unit vector A, as the vector ıs given the parallel transport (2.1) in the 
direction of an arb.trary member of the orthogonal ennuple, is equal to twice the negative 
of the rate of change in the length oí the vector when given the parallel transport (2.8) 
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Ki 


in the same direction, or that the length of the unit vector A remains Invariant when it is 
given the parallel transport (2.6) in an arbitrary direction of the ennuple.' ' 


in-particular, it follows from .(2.8) and (8. 5) ‘that the autoparallel described by a 
member sh of the ennuple is a-geodesic o 


Dee — Bsrs — rss = 0, T =],. " Rh (8.6) . 
4. Let Kj and Rj be the curvature tensors formed’ with respect to Levi-Civita 
paratlelism and the parallelism (2.1) respectively and put 
Egg = gaKin, Rye = gelt, 
As is well known, the Riemann-Christoffel tensor Run possesses the following properties : 
Kyat Kyo = 0, Kyat Kye = 0, Kim Ey, Rout Kayt Kon = 0, (4.1) 


From (8.8) we have 


5 Kj - Ryu = (Tii — (Ti)e + T. — THT. B |. (4.2) 
ut ' 

Aga = (og (as, ` | (4.8) 

Bon = OAT pT ia TTo. (4.4), 


Substituting from (8.2) in (4.2), making use of the identity 


(o y= — g'?g'1(g pq)r. 

and multiplying by gz, we obtain from (4.2) . 

Kyu Rya = Zant Don, ` - (4.5) 
The tensor Typ is symmetric in p, q, and it is geen that Pan possesses all the properties 
(4.1) while Agi; possesses only the first and the last of these properties. In view of the very 
nature of construction of the curvature tensor, a geometrical significance attaches to the 
tensor Agit Pym. This significance, which is a special case of a more general one given 
earlier (Sen, 1948), is that this tensor arises in connection with the change in the scalar 
product of two vectors when the vectors are taken round a closed circuit, one of them by 
Levi-Civita parallelism and the other by the parallelism (2.2). 


-~ Evidently this tensor has come out in combiziation with Levi-Civita parallelism and 
the parallelism (2.1). We give below a method showing how it can be obtained 
independently of the Levi-Civita parallelism. However there is, in what follows, no 
speciality about (2.1) and the method is applicable to all parallelism with symmetric 
- connection satistying (3.8). 

Let £6 be a skew-symmetric contravariant A If, as before, covariant 
derivative with respect to Levi-Civita parallelism is denoted by a crooked bracket followed 
by indices, then it follows from (8.8) that : 


(£V); = (EP + £0 T, + CMTE, 
Cl lu = GE T ENT, T EXTER T HE + eT, + gu oh T. 
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Now, as €” 18 skew-symmetric and Tr, 15 symmetric m kK, j, 
ENTh = CUTS = 0, 
(E")s, T (els y. (eT, T ET ih t (e^t T, T em, T 


In-order to simplify this we notice the following 
Lët, 20 (Levi-Civita, 1029) 


ret il = 0, Ein 


. And as , 
{Ti}, = (T), t+ Tol 


HIT = ETE), 


(E)n = F(T) = ESTE) t Ta Ta] = EPL at Th The]. 
Hence, by (4 2) and (4.5), 
(£7), Sa AC Ri U- Bout) Geng kClkout/ nki Y Px). 


And as P,,g; 18 skow in 1, j, 
(£V); eg Lëlkaog Aui, (4,6) 


Thus, the tensor Ay arises in connection with the divergence, with respect to the 
parallelism (2.1), of a contravariant skew-sy mmetric tensor ot rank two. 


DEPARTMENT op PURE MATHEMATICS, 
CALCUTTA UNIVERSITY 


References 


Levi-Civita, T , (1927). The Absolute Differential Calculus, 186, 268 
———- a (1929), Berl Sttaungs?., 187 
Sen, R. N , (1948), Proc Nat Inst Sc Ind , 141), 45. 





NOTE ON A SIMPLE CASE OF FORCED TORSIONAL 
` OSCILLATION OF A CIRCULAR-CYLINDER 


By 
A. M. SENGUPTA 


(Received January 81, 1949) 


If we take the axis of # along the axis of the cylinder and use cylindrical coordinates 
(r, 0, 2), we know that for torsional vibrations the displacement v( = t) satisfies tite 
equation (Love, 1920, p. 291) : 


P 


v? | Q'v 
Fig age 
The other two equations are identically satisfied, it being assumed that the components 
of displacement u, and u, are zero and ol = ws) 18 independent of 6. 


We find algo that 


mm, — 


nef 60-0, e2 —0, ra 0, 
fe = 2, gu, mot) c "v 
-" Oe Or rs i 
The general solution of equation (1) involves Bessel's functions but there 18 a simple 
solution for free vibration ın which Bessel’s functions are not required (Love, 1920, p. 292) 
In this note it will be shown that there is a case of forced torsional vibration which 
can be solved without the use of Bessel’s functions. 

The problem can be stated as follows: The end a = O of the cylinder is fixed while 
the other end z = | is acted on by a periodic shearmg force proportional to r sin Qt, the 
curved surface being free from stress at all times. 

Here we are to obtain a solution of equation (1) subject to the conditions 


v=0, ss t>0, | l (8.1) 


Qv v — € 
«(S 2) -0 LO, : (6.3) 


«(8 = Qr sin Ot, d >0, (Q being a constant) (8.8) .*% 
E K 


and 
Wo t=0. (3.4) 
We suppose, 
v= v tv 
where't, is a particular solution of the equation (1) satisfying the conditions (8.1), (8.2) 
and (3.8) while v, is the function which satisfies equation (1) and the conditions (8.1) and 
(3.2) also makes u(8v,/02),.; = 0. 
Let l 
v; = Qr(A cos ps + B sin ps) sin Qt. 


- 
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Now, v, satisfies equation (1) and the conditions (8.1), (8.2) and (8 8) if 


A=0 p=Q/c where c? = p/p 
and 


I ac—— Y 
pp cos pl 


— 
—— 





We assume 


oo 
Masc > (A n cos q42 + B, sin quz)(Cj cos tnt + Dn sin ant). 
nod 


v, satisfies equations (1), (8.1), (3.2) and makes 
, ora) 
=e ex () 
d Q3 / zeli , 


A, = 0, Tem: 





Then from the condition (8.4), VZ., 
GC 
Ot tao ot Ot /t=o 


pl P. Dag, sin Ga? = c QBA sın pz 


nx 


we gel, 


which gives 


i l 
De, | sn’gazdz = ST sin pz sin Gag dz 
0 


0 
or 
4( = Reegele 
B EE E 
i (2n + Dnac(qu? — p?) 
Thus we get - 
v= Qr Ec sin Qt + sch 2 pep yi TENURE »5 sin gy2(K,, cos @nt + sin «st 


K, can be determined from the value of v att = 0 for O «2 <l, and it 1s zero if v = O 
when t = 0, 

The displacement due to the foreed vibration has the tendency to increase indefinitely 
when gn — p or a, >Q. 
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ON PAIRS OF FONCTIONS WHICH ARE RECIPROCAL IN 
FOURIER-SINE TRANSFORMS i 


By 
S. C. MITRA 


(Received January 31, 1949) 


1. Let f(x) be of bounded variation in (0, eo) nnd tend to O as z— oo. Ramanujan 
(1915) has proved that 


` y B.[FA(8) - F.(38) - F(58) + PUB) -.-| = Va.[f(e)—-f(8e@)-fSe)+ +], (a8 = 1). 


The theorem also remains true if fla} 18 continuous. We have 


P(x) = JG) f io cos et.dt 
0 
Let f(t) = J (ir) and B = Am, We get 


F(n/4) = v(= ) f «to 008 lat.dt = Gem (x > dm) 


= 0, (x < 4n), 
Hence 


F(t) = UU (t.4/n)—-J,(t.3y 7) -J (tf bv m) -- +} 


7 Woe e e du . = 


We know that (Mitra, 1949) F't) 1s self reciprocal in the Sime Transform. We have also 
(Titchmarsh, 1987, p. 208) 


Jet di 
[ 2:89 dx = K (t); J e~ edp = bnf{l(x)—L,fx)} 





and 5 
J (at)dx ` E 
f 28898 = suu Lat: 
Let ` 
; yt) = KA dai -Kiv m) Ralf dal K dtu x) - -, (B) 
an 
x(t) = ta [11,631 7) - L, (ht yari Mat V n) ES Lt z)]- ud (C) 


Then it can be easily proved that 
(1) The series (A), (B), (C) are uniformly convergent and (2) I(z) - g(a) ~ 1/2. 


From what we have stated before, it follows that 





§ This has been proved in & previous paper which i$ to conie ont in the Bull Cal Math Soc 


7—1718P—1, 
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= " tF(at)dt 


iz? del 


Muitiplying both sides by sin ke and integrating with respect to z between the limits zero 


and infinity and changing the order of integration, we get 


2 t ` . J 9 
£e | 1 | Jre 2 r d 
= A adt / F(zt) sin ko Ma = X3) V(z) sin kz.dz 


ma, 





which reduces to 


. | TH) di = VÈ) fim sa ke. dk. MM ` 
0 


— Left hand side is l Ea f 





| Tat = pafl ew =) - Ge )] - [ev s) - Lo] ~ - - f= xt. 


Thus we have, 


- AG) f ve sin kz.dz = X(k). 


In a similar manner, we can prove that i = 


(Ge sin ke dr = OI F f Pensat gin ko da | 
7 pp Ze i^ i 


PFP([t)dt ` Roc 
(1-0) — 1713. 








= [Kk m) - K, (Sky v) - K ky a) +++ ] = lh). 
9. We know that (Titchmarsh, 1987, 202) l 





" Hat) 
p Ort di = Jie y 2) Kim) 


Also it can be easily proved that 


Ce "Jatidt 
(1 4- t*)* i 
exists and let us denote the integral by F Gei 42). Then F,(z) ~ 1/ ya. 


e 


Let us put 


ug = n (ers) (533) os) 92) 


ta 











e FUNCTIONS RECIPROCAL IN FOURIER-SINE TRANSFORMS 


lz) = F Aisn (xr) -r a 
X1 x) 1 N 2 24/9 1 7 y 2 Es 
Then proceeding exactly as before, we have 


; i 

NOJ Zuel sin ke.de = x, (k) 

V(2) f o sin ba. do = y (k). 
0 - 


8. Let us next consider the integral 


NA 


and 











and 


totad = Fs. (v= -4 


Ge jiet ` 
The integral exists and is cus to 1/' a. 
Putting - 
l palz) = Fay n) Fey x) -PJäedsii, 
we get ; 


tF(zijdt ` 
: A (14-19) "n Val ). 


Therefore : - 


VC II Yalta) gin kz.dz = JG | +r ER free sin kzdz 
Ou (^ tdi ("^u k 
- A) "agli f res zodz 
0 0 


TEEN - f CHP (kt)dt _ V4(k) ; 
allt. 


"0 rtäifett A (1+ t4ykett 


showing that ¥,(z) is self-reciprocal in the Sine-transform. 


It now remains to justify the change in the order of integration. 


(D) 


(E) 


The following conditions are easily satisfied. Denoting the integrand by F(z,t), 
we find that (1) the integrand je a continuous function of e and t, (2) the repeated 


integrals between finite limits always exist and are equal. 


(8) f f(x, t)de is uniformly convergent in an arbitrary interval ; 


oo à 
(4) J f(z, t)dt satisfies the same condition; 
b 
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ke T . i 
(5) f J f(x, t)dt coverges uniformly ın an unlimited interval; or 


a b 


© aX 
(8) f f f(x, t)dz converges uniformly in an unlimited interval. 
6° a 
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ON PERCENTAGE POINTS OF INCOMPLETE BETAFUNCTIONS 
AND x’ DISTRIBUTION 


By 
D. P. BANERJEE 


(Receved January 3, 1949) 


In his introduction to the Tablos of the Incomplete Bcta-tunctions Kal Pearson 
(1934) says that ‘No smgie method has hitherto been discovered for evaluating 
numerically the incompleto Betu-function tor all the values of p and ag, L. J. Comrie and 
Hartley (1941) tied to solve the problem indirectly. Here a new and direct method 
js given. 


1 The ‘no:malised’ incomplete Beta-function 1s 


(p+ q) J el «J 
Ps. p= ey Po ee a, 
oP 0 7 Tora 
from which 
dP _ Lp +9) pp- gy 
de " Dame? oO 
Hence 
dz _ (pia), i 


amete atate 


P^ Diotaiepiil ag) 





When z = '5, let P = a, and since 
(P — ay 
r! 





z= f(P—2) = f 


then f(0) = '5. 
Differentiating we have 


ate _ (4n [alo +a-2)— (0-0). 
dP 


dP? all ai 
Now 
mm 2 fësch Doll) . 
DE iP)... I(p-*q)(5)?*07? 
Hence 


ro = LUPO Cp + a 72) - (p- n]. 
EIERE SE? 
In this way we can calculate /"(0) up to the value of r lor which f"(0)(P =z} jr) 18 small, 
Thus we get the value æ for given values of p, q and P. 
Example. Let p = 8, q = 2, lo tind z when P = 32, 2 = ‘81, we have f'(0) = 77, 
f(0) = 0. Hence æ = *5+ ‘007+ ‘00005 = ‘507 approx. 
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2. The probability distribution of y? having v dogrees of freedom may be written as 


dit 


prr ida, 
INTE BRA 


When 2 = 1, lot P = «and 


s pases > f"(0) ei 
Now 


dP ` PG 


hen -lg-i 
da D(v/2) 


Hence 





Ua ee. and d tuis e) 
dp Tab zk) "€ qp ae p 


Finding /'(0)forr = [, 2, 3,..., we get the value of 
pais $59 a) 


piovided P —« « 1. 
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CALCUTTA MATHEMATICAL SOCIETY 


Report of the Council for the year 1948 to the Annual General Meeting 
of the Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
following report on the general concerns of the Society for the year 1048 as required by 
the provisions of Rule 25. 


THE COUNCIL: ‘The Council of the Society for the vear 1948 consisting of the 
officers and members elected at the last Annual General meeting together with the 
Editorial Secretary, was constituted as follows: 


President 


Prof, A, C. Banerjee 


Vice-Presidente 


Prof. N. R. Sen Dr. S, S. Pillai 
Prot. N. M. Basu Prot. B. B, Sen 
Prot. V. V. Narlikar 


Treasurer 


Mr. S5. C. Ghosh 


Secretary 


Mr. U. R. Burman 


Editorial Secretary 
Mr. P, K. Ghosh 


Other Members of the Council 


Prot. F. W. Levi Dr. B. 8. Ray 

Prof. 5. N. Bose Dr. R. N. Sen 

Dr. N. G. Shabde Dr. 8. Ghosh 

Mr. A. C. Choudhury Prof. M. R. Siddiqi 

Dr. B. R Seth Prof. C. N. Srinivasiengar 


Dr. P. N. Das Gupta Mr. B. N, Mukherjee 
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E GENERAL: The general activities of the Society have been conducted in 
. ^. much ‘the same form as in the last few years. The Council while realising the difficulties 
<. ei restoring and maintamıng the normal, activities of the Society under the prevailing 
conditions earnestly hopes that not only these difficulties will be overcome before long 
Dut means will be- found oul for further development of the aims and objects of the 
Society. : F 4 
MEMBERSHIP: The Council records with regret the loss of one of the members : 
of the Society in the death of Prof. L K. Ray of the Islamia College, Calcutta. 
The Council also reports with pleasure that durmg the year under “review the 
followmg distinguished persons have been elected as Honorary members of the Society. 


- 


` T Sir G. 1. Taylor (England) e 
Prof, E, A. Milne (England) 
Prof J. E, Littlewood (England) 
Prof. E. Schrödinger (Hire) 
~ l Prot. E. Cartan (France) 
: Prof. Hermann Wey],(U.S.A.) 
| Prof. I. Vinógradov (U.S B.R.) 
Prof. B. Lindblad (Sweden) 
Prof, de la Vallée Poussin (Belgium) 


‘N 


The Council desires to add that the Society cannot achieve its objects for which it 

exists without adequate numerical and financial strength. It is also worthwhile to ‘make 
every effort to bring into the Society as many as possible of those persons who would be 
glad to benefit by its activities once having been made properly aware of them. The 
Council believes that the number of such persons is far ın excess of the number SC do 
at present become members. , 


MEETINGS DURING 1948: The Council held five meetings during the year and 
there were siz Ordinary General meetings which were devoted to the reading of onginal 
papers communicated to the Society for publication in the Bulletin. 


PUBLICATIONS: Dunng the year 1948 the Society has published six numbers 
of the Bulletin Vol. 89, Nos. 2, B, and Vol. 40, Nos. 1, 2, 8. The Society received 
with grateful thanks à sum of Rs. 550/- from the Rockefeller Foundation Grant 
distributed through ihe National Institute of Sciences of India. The council reports 
with pleasure that this grant has largely contributed towards the improvement of the 
Bulletin. I 

The authorities of the Caleutta University have continued io lend their usual 
magnanimous services in printing the Bulletin free of charge, and the officers and 
members oi the staff of the Umversity Press have given their every sympathetic and 
active cooperation in bringing out the Bulletin, as many as six issues of it, during the 
year under review. The Council takes this opportunity to offer them its very sincere 
thanks. , S 


. è 
UI 


~ 4 
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EXCHANGE OF PUBLICATIONS: The transmission of the Society's publications 
to various countries of the world has been carried on in the usual manner, and some new 
exchange relations have also been established during the year under review. In opening 
up new exchange relations the object of the Council has always been to ensure that the 
Society's publications are available to ail scientific workers throughout the world, who 
require to consult them, as far as possible. The Council desires to report here that a 
certain number of German Journals, specially the Astrophysical ones have resumed 
publication during the year, and every endeavour is being made to have them on an 
exchange basis. 


FINANCE: The annual accounts of the Society for the year 1048 have been 
presented to the Counc in the standardized form by the auditors, Dr. 8. K. Basu and 
Mr. B. C. Chatterjee. The Council gratefully acknowledges its indebtedness to them for 
their honorary services. A comparison of the receipt and disbursement accounts would 
show a deficit for the year. The deficit is caused partly by increases in salaries and, 
mainly by the heavy expenditure on account of papers, blocks and types, and also on 
account of postage due to the increased circulation and despatches of back issues of the 
Bulletin to fill up some wartime gaps. There will also be noticed a decline on the 
receipt side under the head ‘‘membership subscriptions’’ and the council has every reason 
to hope that not only the arrear subscriptions will be fully realised during the course 
of the next year but also that there wil be a substantial increase in the number 


of members. 
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ALAIDOS TVOILYWJHLYN VLINO TIVO 


A STUDY OF THE GENERALISED LAPLACE INTEGRAL—II 
By 
B5 K. Bose 


(Communicated by the Secretarg— Received July 21, 1948) 


11  We* now establish another theorem in which the variable in the intermediary 
junction h(z) 1s raised to some power. This theorem also gives rise to a new function, 
special cases of which are some of the well known functions occuring in Analysis. The 
theorem itself is quite general and includes the results of Shastri and Humbert in the 
theory of Operational Calculus. 


1.2. Theorem II. If 
plp) = h(a) 


and 
pinata h (p^) zb g(x), 


then, provided the mtegral 1s convergent, 





em =| Wilpieig(ajds, for ual, (1) 
n 
where 
< PI(A/a+m+ija+t 3)T (Ap m trjg 1) 
A B) — m T em T I EE 
Hunter): enc" ri DA/p—-kt+r/yt i) 


Alu m t ríut d, Alu m-tríu 
[p ript 1 Àu- MEE t A R(A/p 4m - 1) 0. 


SII d Alu—k-rly-i 


In ease, however, if u = 1, we have (B, Equ 1 2) 





L DA-mc-DDOa-msi) 2 EAE Hb. Il 


9 


Wy(p/s) = 


(nn ` ra-k«pD ^ A~k+2 ^o Dy 
4.8. Proof of Theorem II. 
We have 
em = € (27p)7* TV, s (2pz)h(r)da "TE 
and i 
a Atih gy = [ e^? g(s)da. EN 


0 


(— 


* This paper isin continuation to my previous paper (Bose, 1949) Henceforth this paper will be 
denoted by B. 
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Substituting the values of h(x) from (2) in (1), we get 


Ka 
Salt = T (22p)7* Wl (2pz) 2^7 da | exp( —a!/^ a). g(ajda. 
) 
o 0 


On changing the order of integration, we have 
1 1 ` i Outil el aat -1 IY, (ad ld (3 
—e(p)- -—— | I| | expi- (zj2p)rap g-t Tg (a)da jds. ) 
p Gd? S 
Now, expanding the exponential function and integrating them term by term. which ig 
justifiable, we have (1.2.1). 
To justify the change in the order of integration in (3), suppose that 


6(8) = g(s) | exp(—a'^s) (2pz) rV» - Y, ,t2pz)d 
o 


A 
We) = (2zp) * IF, (2pr)z «7? f exp(—ar'/#8}.q(a)ds 
0 


nnd 


where Ais small. But we hare 
8(a) = g(a) IV \(p/s?) 
Now, [ have shown below that 
Wi(p;s#) = O(1) for small 8. 

Ti 1s evident that 6(s) is uniformly convergent m 8 ZÜ, if R(u,) > 0, where g(s) = O(s*) 
for small s and R(A/p x m 4 1) 2 O. 

dal also converges unilomly m rz, provided that R(g)) 2 —1 and 
R(A/ptm—2) > 0. 


Again, consider the integral 


i [ 


T 
where T and T’ are large. 





exp(— atas) g(a) | ds 





P. 
(2zp) * IV, (2pz)2M«-! | dr, J 
pe 


For large values of s, 7 tends to zero when R(p) > 0, and when 


| exp! — zU^8) | g(s) | da 
0 
is convergent, 


Hence the change in the order of integration is justified under the conditions, 


BU A D R(p)>0, Rly.) >0, f e d 


0 
18 assumed Lo be convergent. 


4.4. Corollary. 


If in (1.2.1), we put k=}, m = +} Whittaker transform reduces to Laplace 
transform and our theorem reduces to :— 
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If 
g(p) x: h(x) 


and 
Hits pe) = yj (x). 


then, provided the integral i5 convergent 
TENE LC T 
l g(p) = Wy(p/s*)g(ajds, lor pot, RA)>9, 
} 
0 


where Si 1 r 
1 — H IA +3 : 
Wty / 4) = TOA ) S Lin) (8/ pile) , 
r= 
1.5. Properties of Wiz). 
The function W(x) ıs pretty general and includes, as special cases, some of the 
important funclions in Analysis. In the first place we note that we have a meaning to 
this function only when uz-1 Itis easy to see that for k = 1, m = +4, and u = 2, 
we get 
Wi(z) = 21-&p-PTQJet: D _,f1 /Qa)4, 
where D,(z) is Weber’s Parabolic Cylinder Function. 
Another case of reduction toa finite series of parabolic cylinder function occurs 
if we consider the theorem in A-transform. 


The behaviour of W5(z), for small and large values of 2, can easily be mvestigated. 
We have, in taci, 
us Ee 1 — vgllu/(94yM/al glu -5T 
Wi(p/z*) = (pyre G exp{—ael/# ( (nie ale" 9 W,,,,(a)da. 
It follows Don our definition of 1y(p/a*), that 
Wi(p/a*) = O(1) tor small a. 
lt we make the translormution 
a[2p = y", 
we gel i , 
Wi(p[z*) = o a7 f o7 "W2pysM»-5R TT, (2py*)2upy*-!dy 
(2p) J 





ih = b eim H 
= £^?9gy^- 34-1] mi2pyeldy, 


Le, 


‘Lhe function 
y i7 TV gel Qny*) 
satisfies all the conditions of Watson's lemma (Watson, 1921) regarding the asymptotic 
expansion of function representable by Laplace's integra: and is O(y^knatin-1) for small y. 
If (A mg t 1p) 15 not an integer, we have trom Wntson's lemma 
Wi(p/aet) = O(z-^t"^-*") tor large z. 


(a) Wenns d As -mp and m = xi k= $m (1.2 1) und turther noting that 
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Dr + AAL leien = 2D(A)( ey Helles D Jeck 


oo 


$c 


> E 





we get, the theorem due to Shastri (1945). 
(b) When p=1, X — m,+2 and k — 1, m= £2 m (1.2.1), we get another 
theorem of Shastri (1944). ` 
(c) When p = 1, A = 2 and k=], m = +}, we gel result due to Humbert (1987). 


1.7. Evamples 


(1) Tf Qvg2v — 2X -4o F 2A A 1 o à 
g(8) — IGy-2X41) Fi it= Ti v—At ; 8 ] 
then for u = 2, 
z- Ph(z)-— W.,1(2/2)e3* 2? , R(v xA 4) > 0, 


for 
20»g2v-34 g — $e i. i 
I(2»—-2A4-1)" 'y-A-*1 


Therefore (B, Eqn. 1.2.8) 


(P "d I 23)T2A +1) 4 \— 
pe) — DatutaAylatv-aA) | ,2^tt (2p) PP 


ae] e 8 eigene 


C I(rrvad442AJID(6A/24 m 4 r- 2)T(5A/2— m o 4-1) 


w^ r! T(r-2X 4 DEGGAJÀ- kx v4 Spy 
/ E 5A/2—-m+rt Fh. apu 
5A/2—k ri dag: 


» I'(r—-A-4i a cca EEN 
rl I(r-2A-- 1)I'(3A — k o r-- 3)(4py* 


Amt, mere A4 R(GA/24 m £34) 0 R(p) > 0 and |p| 7» 4. 


x 
E d lA—k- r£ 
«Hence applying Theorem II, with u = 2, we gel 


ow Ze Da te EH hy; |? 
rosary! PP xq p^ ER 


ATi 
= NIETES YN ERES purer, D(rtvt+3+a) 
Di4+v+A) D(44+v—-A) dog: pl Tr 2A 1) 


, I(GA[2 - m r- iT (BA [2 — m+r+h) ree 5A[2—m rl A 
I'(5A/2— k-F vr + 2)(Ap) 5A/2-k+7r+3 A ` 


„ FOAN- —2A + 1)(2p)- ad lUe e a! UU PEE EE 
SE c r! T'(r—2A 4 1)I(3A — ker 4+ 5) (4p) 
pAtm+r+t, fA—m+r+4 
F H 
: | łA—k+r+2 ' H 
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provided (2A) and (A+2m+4) uve not integers, R(3A £m 1) 2- 0, R(A/2 m 1) 20, 
R(v—-A+4)>0, Ríp 220 and | p [> i. 


(i) If ; 
_ Vm andy_,(8) 
90) = omnt 
then with a = 2, we have : 
h(x?) m... OR 0 

l x3~ h(x") a pee (x) > 

Therefore (B, Eqn, 1 2.20) 

l Tm + IL — unr) Duv+m+4—h) eee 
pe D(m--1-k)V(—m-ci- SE UE ! D'(r2m-1) (2p) 


x TAA +m +1 + m EECHER (H tat) 
(4A +00 —n+r+4) 


R(t +4A+7) >0 and Rip) >0 
Hence by the Theorem II with p = 2, we get 


voe WT ` S nF 74 o 

PPRD n-i(8)TV(p/8°)ds 
is equal to (1) provided (2m) is not an integer, R(n—-àt2m-1) «0, BA cum) > 0 
and Rin) > 0. 


On putting k = 4, m= +} and A= 2m, we get Shastri's mtogral (1945). 


(u) If 
x T — haty | git. 
g(s) = ec" p ele oft Donel 
then 
T] h(x? jx’ = gt Bep. . uta)* with p= 2, 
1u8 


rad T (— ya} | (2zp)i"tie- P T'(apa)h(z)da 


_ qi — y (p): 
xu dk CE (intr 


Ka 
x J patntntlrty —-1 glam phe? D A (z)dz 
0 
On using the integral of Goldstein (1082) 


' F ye eek (1—4) 1 
preter, dy = MERIT) pte Ame) 1 " 
|" n i y)dy i I(àv- inl) ay iowa oy (A) 

v>0, Biz) 22 0 and 





arg @' « br, 


* See H., p. 58. 
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Kä 


we have 


lo(p)- 9 m.(—) LE T(n L4 1) € (—y277I(A-cn-cn,-2r- 3) 
p Zënn 3/2 natn) e (L—7)! r! I'(1--n 4 r)P'(3A -- 3n 9n, 0 75/4) 


x P EC An, LE 1-2} 

i jA-cn,-4nor4bj4 ” 7 
R(A--n-cn,-1)2 0, R(p) —0 and | arg p| < dr. 
J Hence by Theorem II with k = 4n+1l+4 and m= +4n, we have 


| Poi ef E gn-t D, aide 


Bastel A (“TAs amem ean epu 
EES Hn ril- P(1- n r)P(3A-E 4n ro n, 4 5/4) 


" Da e UAE inci 1 
E nyt gat gntr+5/4 7 Gel 


RA+n+n,+4) > 0, Rip) 220 and [arg p| < 3. 


II 


2.1. In this section I have established another theorem in a way reciproeal to 
Theorem II. This theorem ma useful in evaluating integrals involving the new function 
T(s) defined below. 


9.2. Theorem III. If i - 
- g(p) = h(x) 


and - A - 
p'-™ h(p) = g(a) 


then, povided the integral is convergent, 


plp) = | glayt(oyde: 
` 0 
where ` 
T(s) = IN Gia BE EX NU ali dus TEL p prt m,—m-5j4. 1 p 
- (28)7*! '(m,— kr 7/4) i-k+7/4 9 Gef. 
R(uim-i)2 0, Rim) >0, Rim, +m+5/4)>0, R(p)> 0, g(x) = O(a*) for amall 8 
and g(x) = O(1) for large a. 
9.8.— Proof of Theorem III, 
Here 
L ein = Tesch d 
p dw " (1, 


0 
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y - 
~ i 


- 
KI rt 


and LM CA 
om h(a) = c | Geo Was 2es)g(e)de o 
0 


. Bubstituting the value of h(z) from (2) in (1), we have - 


sep) E T ziel (228)7* W y «(228)g (8)ds 


0 0 
= [ TO d 2 (2a)#0-?W p (228)de |ds, (8) 
0 0 


Further (B., Integral D. 2), we gat 


D(m,+m+5/4)D(m,-m+5/4) 
SEENEN EIER 


m +tm+5lá, m,—-m+6/4 
x f ems. { : sis non " ; 4 p/2s}ds, 
0 


R(m, 4m --5/4) >0 and R(p) > 0. 


I oan 
P MP) 


In order to justify the change in the order of integration in (8), suppose that 


€ 


. Of) = g(a) | “at (Qae)~te-™*W,(228)de = g(a). T(E). 
0 ; 


Now, I have shown below that 

T(x) = O(at™*+) for small a. 
It is evident that 6(z) is uniformly ORERE m e SO, if R(utm+4)>0, where 
glæ) = Diaen) for small z. 


Again, consider the integral 


= f sel k e (2x8) oP W (24) da |ds 


t 0 A 
where A is large. 


Now, for large values of 8, I does not exceed a constant multiple of 
f | g(8)] [fi (Qap)-t+a2™ 7*9 Wy m (2s) | de |ds 
0 A 


which tends to zero, if R(p)>0, R(m,)>0 where g(s)= O(l) for large 8 and 
T(s) = Olsem) for large 8 as shown below. 


2.4. Properties of T(s). 
We have 


F(a) = p Lim + m 5/4) (m, — m 5/4) 


fm +m+5/4, m,-m+ 5/4 
241 Dm, —k+7/4)amt1 


QPF NT 
SS —k+7/4 it SE 
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From the asymptotic expansion of Jp we find that 
; t 
.T(s) = O(a-™7!) for large 8, 
= Olet m+t) for small a. 
2.8. Corollary. 
Tf m (2.2.1), we put k = 1, m = +}, Whittaker Transform reduces to Laplace's | 
transform and our theorem gives the result due to Shastri (1944). 
We may further note that for m, = 1, we get the result due to Humbert (1987). 
9.6. Example. 'lake^ ` ! 


gle) = ree” 
then, we* have 


I'(«-- m -5/4)T(z—m t 5/4) EE Ap See: 
s e-k TA xh 7/4 =L 2p ste, 
R(s *m--5/4) 2 0, |p|>1 and Rip) — 0, 
if k= 3, m= ri, then 


1-m, -— I(«-8[2)9? 
gi-"h(a) IHI + gei 
or 
D(a+8/2) x 2 
h(x) = oh — "(p ra dU eg 
b X e Lco - (p—«—3)8(«4-8[2, p)H 
= gl). 


Hence, from Theorem III, we get 


f 99s = FEHB + (pa 4)5(0 +8/2, p) 
d 
R(z+3/2)>0, [p[>1 and R(p)>0 


ja ' (28) 
iu Pp +8)* 
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* See B. result 1.2.3) with n:-«and q—1. 
+ Bee H., p. 14. 
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A STUDY OF THE GENERALISED LAPLACE INTEGRAL—III 


> ef By 
S. K. Bose 


- 


(Communicated by the Secretarg— Received July 21, 1948) 


1.1. The purpose of this paper*'is to obtain the Whitlaker Transform of h(x) when 
z^h(zr) is self-reciprocal in the Hankel transform of order v. I have also considered the 
corresponding results in sine and cosine transforms. The results are pretty géneral and 
have been illustrated by examples. Some known resulis come out as particular enses. 


1.2. Theorem IV. If 
ein) = h(z) 


and h(s) is relf-reciprocal ın the Hankel transform of order v, then, provided the 
integral is convergent 





plp") = f yh) /p*)dy (1) 
where p 
a alà =t) E —YI(v—A--m-92r47j4) 
S*(y [ps = P (EAS. Qr+ 7; 
oie) 2 MESA AR Lw rl D(v - v4 1) 


. 


T ry ee v-À—m-2r-T7[4. +} 
— da I A $ 


D(v—A— k +8r+O/4\4 pr v—-A—kh+2r+9/4 
RA +u, +v+8/2)>0, Riv-Atm+7/4)>0, Bin: t+5/4) >0, h(z) = O(z^) for 
small z and Aal = Ofexp(—2*)}, R(A,) > 0) for large z. 

1.8. Proof of the Theorem IV. Since 


! Sou * e(p) = h(z) 
eil = p | Gap) Wss(ape)h(z)de |) 
and A(z) ist R, : | | 
h(x) = E (zy)5J ,(zy)y hu da (2) 
0 


J; denoting the Bessel function of order v. 


* This is 1n continuation to my paper, Bose (1949), IT. 

+ This notation is due to Hardy and Littlewood. As a particular case a fonction is said to.be R, or R., if 
i$ is gelf-reciprocal in the cosine or sine transform (» = +4) and finally that a function is skew R, if it 18 
self-reciprocal to — f(z). 
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If we use (2) in (1) after replacing p by p^, we get 
en) = pe | (22p*)7*W m(2p"z)dæ ie 27 (zy) y (2y)h(y)dy 
0 


God Ad te Ka 5 , 
T PPADS DJ, PLI | qo yt Wie) BA + v, — &*y* [(16p *)is |dy (8) 
on changing the order of — | 


Now, using the integral of Goldstein (1982), with a? = —}$, afler changing the 
variable and constants of (8), we get 


= zs —)'T'(v At mt --2r-- 7/4)(v A —m + 2r - 7/4) 
plp») TT e I(v—A-— RC Tri) 


a, SPT At M+ Art 7/4, vrA—m+ Art 7/4 y 
. PUIEDO FA v-A—k49r--9/4 die 
provided R(v-A+4m+7/4) > 0. 

Now, we have to establish the validity of changing the order of integration in (8). 


Integral (1) is absolutely convergent, if Bin, +m+5/4) > 0, where h(z) = O(s“) for 
small z. Also the integral (2) is absolutely convergent when R(v+A+p,+38/2) > 0. 


Since, (Buschnall, 1940 and 1941), 


a+r, 2b+29 to). 28; E 2b 
al c 2r d KR (b), OROM aad, p. 7 ch 
\ 


(a), = D(a+r)/T (a). 


where 


By applying the test given m Carslaw: Fourier series and integrals, we get that (1.2.1) 
is convergent keeping in view the results of the next article, under the additional condition 
h(x) ~ exp(—a), R(A) > 0. 

Thus the change in the order of integration is justified under the conditions in the 
theorem. 

1.4. Properties of Biel, 

The behaviour of Sh(z) for small and. large values of v can easily be ee 


We have, in fact | 


pao. —D 2 I(v—A4 m 92r 7/40 


Dia = P SSES rl 27k-v*X73r-85 UivirtiD 
=0 


trktm—$(] — tyr dm mtr 7/4 t)-Gh-mt+Hdt 
"GC asl pas cay 
by virtue of the relation (2) 


SE —— Jas, y-8; y: e] dm 
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and (Baily, 1985) : 
on, dl) fe e-o] — stadt 
F[a, b; c; 2] = Dt H j (1—t) (1—2t) 


whieh reduces to 


1 

Sx (x) = Ka Í £-k*n-i(1 -— Dr me (CL i t)-(e-m+4) 

0 - 

, ri eg AA 1 ban 7/8, jv—4A o m 11/8 ` 162*(1 — gy 
vil ~ 

where K, is à constant independent of t. 


It follows by the definition of Bel that 
Hiel = O(z") 
for small values of z, and from the asymptotic expansion of ,F,, we have 
Bi(c) = O(ghtm-'i4) 

for large values of z. 

1.5. Corollary. 

When k = 3, m = +}, Whittaker transform reduces to Laplace transform aud the 
theorem reduces to: 
- It 


| Op) = h(x) 
and @ h(a) is R, then 





ay wn P7PI(v-A-8/2) T NN CET EE TEEN 
e(p") 2*1 — Jj y* thy) (y/p*) AF, te ; -y lp "Hy 


provided R(v—A--8/2) 2 0, R(v- A-- 4, --8/2) 7» 0 and Riu, +1) 2 0. 
1.6. Particular cases. 


(Ü Ifin (1.2.1), we put u = 1, A= 0, we get the theorem of Tewari (1945). 
(ii) lfin (1.2.1), we put u = $, then 


(vp) = Jan [ yeh) Bi d p)dy 


and in this, 1f we put k= 1, m = +4, we get 


l mE. " au S C'T -A*2r8/2),, D 
e( p) VOR Oe Mami av py| > WE Jav. 


On uging ` 

D MEME LAN 
p ^ n+) 
we gel u result of Gupta (1945). 


Stark 


and ` a? ei | us -«| TES 
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(i) Ifan (1.2.1), we put is = m+, we have Wine) = emt, Hence (1.2 1) 
reduces to x 


ef (Gens "**exp( — p*z).h(z)d« E EE EIL ned h(y)ystets 
D j 


0 
z T een EE -y Ir Jày 
y+] 
provided R(A+,+v+8/2) > 06, R(v-A t m 7/4) >0 and Bin, m + 5/4) > 0. 
1.7. Examples. 
) (i) Take l 
i hlæ) = atte i” 
we have, from Bose (1949) I* 
wi = LL Eexp(ip ^) [ 2 
g(p») REES EE Dt -2m)T'(2m +1) 


ds —Ad mcr (p* 
op rl I2m--1-7) G-Meneredo (P*) 


‘ < D(-m-c-i-kc-r)l(v—A-m-r-7[4) 
T L'(-mti-ktr)L(v—-A—mo rr 7/4) 
pP ae UA r! l'—2m--14 r) 


x (2p«)-"tr** Dat scere T/A) o». 
Hence from (1.2.1), we get 


rtlg-t¥ gë du us Dr exp(1p^*) 
fy e Y Si(y/p*)dy = Pini aaa a —2m)l'(2m + 1) HI 


e ILm-$-—hk-47)1(v Aa m 74 7/Aj(2pyyntree2 
x 2, ee eee D zen resp") 


€ = ay ee -m+r+t 
+ P(9m)1X— 2p A 1) > I(-m+4 LULA mE nuu (2p*) 


STR NN wv) |, R(v—A+m+7/4) > O and R(v-- 1) 7 0. 


Also, with z^h(z) = z"t*te-i* (1.2.1) with k = 0, may be written as, 


i IK Zauatantt Au Led, — POP ave 3A + gin + 7/8) (1v AA — Am + 7/8) 
p A tee 


* - — -— e 
S f tee r [^ mi ordi AA SES -v Ir Vy, 
0 


R(v-AdXm-7/4)2 0 and R(v1)— 0. 


* Bee result (1.9.4). 


12 S. K. BOSE 
THis with the help of the integral of Meijer (1084) 


Ww 2 - 4£e -i& " — Hi —2k 
bn) I'($-- m —k) I'($ - m — k) i d c eats | 
R(3 t£ m —k) 2 0. 


gives 
irc HAF Qe) (dy — 8A + m + 7/8) (3v — 4A — Aan + 7/8) oxp(ip™). Wy, -4,~0/8, tmp”) 


Q POPI (fv dn + 7/8) (3v — AA - àm 7/8) TEE 


REN A 


iv—4Ac-4m--7/8, jv —iA— m 7/8 
x ,F, idi: ps SES ; —-y'[p'^py, (2) 


provided RA+p,+v+3/2) >0, and R(v -A m 7/4) 2 0. 


On putting p = 1, A = 0, in the above result, we get the integral due to Meijer 
(1984) 


w $ n MES PEA iv—4m 7/8 Ch 
= = ge d y» . F * — € 
V -irsi im) ptT G+ 1) 5 E c0 TE vz) dër ei 


provided that R(v+m+7/8)>0 and R(v) > - 1. 
If we compare (1) for k = 0 with (2), we incidentally get that 
2i» iA -8/ (3m — AA 43v - 7/8) ( Am — AA - Au - 7/8)W poi erp ^2) 


T I'(—-2mjL'(2m 41) N T'(r + meh) DO —-A+ mr 7/4) 
i yl T-mi +m) <p rlI(re-2m- Y (2pr)7v7* Dat mtreii) (P) 


Dam UU —2m +1) TYr— m t$)(v-A—m-tr7/4) 


+ D($—m)U(4 + m) ly rl(-2m4l)Qp) i" — —(y-A- m4 rf) cl 


1.8. An interesting particular case of ‘Theorem IV is obtamed on putting A = 0, 
v=gandp=l1: D 

t 
plp) = h(a), 


then, provided the integral is convergent, , 


aot fy) S Eis eee tl Pec tar gay ary 
GES yh(y) zx DG 8/2I(- kr Or + 11/4) M6p? (1) 





m-Zrr9/4, —m+2r+9/4- 


Pf , 
"e —k+2r+11/4 


where h(a) is* R, 


(Mi, R(n, +2)>0 and R(+m+9/4) >0 


* A function hlæ) which is R, satisfies the integral equation 


h(z) = vis f We sin (ay )dy. 
; o 
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1.9.. Corollary. l 

On putting k=}, m= xi we get, provided thé integral is convergent, the 
theorem of Mittal (1942). 

1.40. Ezamples. 

| (1) The function Da4,,(z4/(2) is +R, according 254i is even or odd integer.  . 


Using this function for n even, we have 
N 
ep) = | ap) Was Rap). Dn, (o 2)ae 
aM Js 


Now, by the help of [Bose (1949) I*] and the result due to Varma (1938-39) 


d 


d l Ce Ae l 
. L(g? Fi-n: 8/2; Ant 


Disi) = I“-n-—}) 


_ and integrating by the integral of Bose (1949, I)t we get 


EEN 


DI n)I'(—n-—$)'(4—m- E) P(1-- m-—k) 11 I'(r4-2m-1) 


I(r,—n)lI'(m 4 7-c2r, + 5/4) a 
mi 1 1 D. , - 
x (2p) > RECHERCHER (p) + I'(3m)I'( — 8m + 1) 


I'(r—m-i4-—k) I(-mti-hmy. meet (iz, -n)I(— m +r +27, +5/4) 


oT! r! L(r—-um-1) 7, | P(r, - 8/2) 


r, sm() 


X D (mr 2n 45/4) mi R(tm+5/4) > 0. 


^ 


Hence from (1.8.1), we have 


- ei" p AU (9/2) 
pe (v 2)So(y/p)dy = RCT pie är AL —2m)I\(2m + 1) 


E Dirv+m+4—- rtm tk ko, yntrtt > Dr, —n)ii(m +74 2r, + 5/4) ~(m+r+2r, 45/4) (D) 
r,=0 


rl Die tr äm 1) r1 T(r, +8/2) 


+r (2m) (2m +1) Ste on mr 


CG Di, —n)I(—m-r-2r,-4- 5/4) 
= 7,! I'(r,- 8/2) 
provided (2m) is not an integer and R(4m 5/4) > 0. 


(ii) The function xe™t® is Re ^ 


~ 


D~(-m+r+er, ep) 


* Bee (D 1 
| Bee integral (1. 2, O), i 


- 
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Using this function, we obtain 


CO 
. an g(p) = Í jy!e-i Sat [ p)dy. 


0 

On the other hand from Bose (1940, I)*, with A = 1, we have 
zn pet” [r 8 Y Din -4—E-r)(m--749/4) 
WD Cu a an DE Sa p) 2 ^ 1dIGmritrr —— 


SURE MIU 


x (2p) ttt D. myrto (p) + D(2m)T(— 2m +1) rl I(—Àm-c1-4r) 


res 


x (2p) - *tr*ttD ( Lett? ml 
provided (2m) is not an mteger and R( tim 0/4) 22 0. Hence by (1. 8. 1), we get 


p etp 


J y" Sy [pe dy = m TG ers CC imm n 


S D(rzmj-k) I(m^r*9/4)5, arl 2 
x > Te Tero (2p) D _ (mara (p) + L(29m)T'( — 2m +1) 


I(—m+$—k+7) T -m+r+94) mtrag 
x» a hed Tt mere (PREH D- enen ill 


Te 
provided (2m) is not an integer and R(+m+9/4) 0. 
1.41. Another interesting particular case of Theorem TV is obtained on putting 
A=0, v= —4 and p=1. If 
op) = h(a), 


then, provided the integral ıs convergent, n 


=l C N 
= af 2 r! D(r-- 4)P(- ke 2r 7/4) (+) 


m+2r+85/4, —m-r2r4 5/4 
«Fil Sch 2r 4 7/4 Us dé (1) 
where h(z) is Rea. 

1.19. Examples 

(i) The function e71? js Re. 
Using this function wo have 


0 


op) = [misi yay. 


^ See the result (1.9 4), 


~~ 
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On the other hand, from Bose (1949, I)*, with A= 0, we have 


éi = rap m Em- kj 


p ei? [rv- om) Dän +1 We T'(m^ 4 ktDimizt 5/4) 


T] EES 


x (Qpymtrts D mr esa (p) de I(29:)r(- —9m + 1) * I(- m+ 4 —k+ sl m+rt 5/4) 


provided (2m) 1s 


Ti l(—2m-1-r) 


rz. 
1 
X (2p)7"tr**.D err pin (p) | 


not an integer and R(+m + 5/4) > 0, Hence by Uy Lb... we get ` 


[| eism i-i pz -9mJI(2m 41). 


0 


>) 
0 


T= 


~ Dg-m—HlG+m—h) 


D(im+g—ktrD(mt7 45/4) o rad e 
+ hPOm+ltn ——— (2p) D —(m+r45}4)(P) + I'(2m)i( 2m + 1) 
S Toms hen om 45/4) 


—n-rrbi 
rIT(-9m41ir) Mp) D-cmtretin e| 


provided (2m) 18 not an integer and Rím c 5/4) 0 


(it) The function D,4(z4/2) is E, for n an even integer. 


Using this 


function, we have 


olp) =P J (Qap)-* Wr ml 2px). Dale y 2)dz 


Now, by the help of Bose (1949, D: and Varma (1938-89) 


Dinlt) = eg T m p' Pin 4; dz) 


and integrating by the help of Bose (1949, T; 


píp) = 


provided (2m) is 


T(—n+h1(—n) Dm MO e nm NI 


P LI Tl | —9m)JI (2m +1) 


[r+ m 4-4 - k) (9p) I Dir, —n)P(m 4-727, 45/4) 
r! D(r-- 2m 4 I) 7,! Dr, +4) 


- | D TE dd e k 9 -n-drEi 
X D~(m+r4-2r,45/4) (p) + 2m) I = 2m + 1) d — 


2 a T +4) D -¢-mtrt2r +a) (P) 


M 


7-0 


not an integer and R( 4m 4 5/4) > 0. 


* Bee the result (1. 2. 4). 
+ Bee the result (D 1), 
t See the result (1. 2. C). 
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~ 
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Hence, from (1. 11. 1), we have 


> 1 a 2 "gpet? E - : j 
J yt Donly v 2).So(y/p)dy TOCA CeCe eee —2m)l'(2m +1) 


X Sx md Dapper y Leen) Dim eren + 5/4) 5 
= r! T(r +2m +1) ge? Ti | I(r, + $) mintr ate) (p) 


- i c Z Se — 
*T(m)T(-2m 1) > T WEN 
" e rox re 


X 





> Dr, ^) I(- m 74-27, +5/4) 


D ai 
LOT ED (= mb rt ar + BIA) ml 


GEN 
provided (2m) is not an integer and R(+m+5/4)> 0. 
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NOTE ON THE DEFORMATION PRODUCED BY SOME SYMMETRICAL 
DISTRIBUTION OF VARIABLE LOADS ON THE PLANE 
BOUNDARY OF A SEMI-INFINITE ELASTIC SOLID 


^ By 
BIBHUTIBHUSAN: BEN - - 


(Received Mag 16, 1940) 
INTRODUCTION 


The problem of a load distributed uniformly over a circular area on the plane 
boundary of a semi-infinite elastic solid was solved by Boussinesq (1885), Lamb (1902), 
and Terazawa (10168). A thorough discussion of this problem ae well.as that of uniformly 
distributed pressure over a rectangle on the plane boundary was given by Love (1929). 
Terazawa (1916b), and Love (1929) also considered the problem of a load varying. as 
(1—7r?/a*)* over a circular area of radius a on the plane surface of the solid, 7 being the 
distance from its centre. In the present note, an outline of a simple general method of 
solving problems of this type has been discussed at first. Then, the problem of the 
paraboloidal distribution, that is, ‘the distribution of a-load varying as (1—7*/a?) over a 
circular area of radius a on the surface has been considered in detail, Finally, resulta 

.for some distribution of loads varying exponentially on | the plane boundary have been 
briefly stated. 


1. METHOD OF SÓLUTION 


Soren the plane boundary of an isotropic elastic solid 1s given by the plane s = 0, 
the axis of 2 meine. drawn into the solid. Then Beltrami: '8 Say Hone give us 


ant 2 - D 
(ove i AO uo vec c (L1) 


where »» E PR e 


and c 18 Poisson's ratio. 
From the above equations, we have 





—. aii 4,9 : 
= Lë, 
e EED wn 
ya = E gO pg 

ZIL tel Oy 

RM E ,99 .. 


"ëtt Se Pt E 
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in which $,, $2, gx ave harmonic functions such that 

Le, Lan = [z8]2«o; [pa] = [ys]... [0s Lan = [22],.,. (1.8) 
In many particular cases it will be possible to determine these harmonic functions $,, d. 
and $, from the theory of potential. Substitutmg the values of es, yz, gz ag obtuined in 


(1.2) into the equation of equilbrium , 


Ore ,Oys , Oan l 
ia ee LAM ——— mS U; 
Or Oy Os ` 
we get a@ 89, | 0$, , Oty 
—— C — — —— a (1.4 
Be = 21 +0) [Jar e 13 


whence (9 is obtained by integration, the constant of integration being determined from 
the condition that © tends to zero as s tends io infinity. Values of $,, $4, ën und © 
being known, the stress components ge, yz, #2 are completely deiernuned. Then from 


- 


the relations 


ow l dm 
Ss "gto c (Q], 
Ov Ow _ 2( +o) y, - (1.5) 


` @e Oy E 


Ou Ow _ (1 +0) = 
88 Oc — E "7 

it will in general be possible to determine the components of displacement u, v w. if we 

impose the restriction that these components vanish when 2 becomes indefinitely large. 

The method enunciated above can be applied to the solution of problems of symmetrical 


as well as non-symmetrical distribution of loads on the plane boundary 2 = 0. 


D 


2. SOLUTION FOR SYMMETRICAL DISTRIBUTION OF LOADS ON THE SURFACE, 


Suppose on the plane 2 = 0, ra = ya = 0, and 


az = —f{(r)=- f Blot (arde (2.1) 
: A 2 


where B(a) is a function of a, and J,(«r) is a Bessel's function of order zero, r being equal 
to (z^--y?)*. Then in (1.2) we can put $, = ¢, = 0, and 


A 


- 


$m | Be er)da (2.2) 
A l : 
The relation (1.4) is satisfied if we put 


e aq) J Bla)e-J (ar)da. (2.8) 
0 


DEFORMATION PRODUCED BY VARIABLE LOADS ETC. 


Substituting these results into (1.2), we get 
ce = f Bieser È Ur (aras 
0 


ys =f B(a)go-« © [J,(ar) ]de, 
6 Oy 


r 


l a 
m ME f B(a)(aa + 1)e79J ,(arjda. 
- (H i 
Then using the equations (1.5), we get 


"ncs af Beer — Me) — SE (er)] Js, 








v= Kl LEE 


de dE —o)+azle-J,(ar)da, 


On the plane boundary # = 0, 


=. ul, = ee) f BO J (er)da, 
0 


©. = [O] -32(140) f BOr. 
i 0 


. Denoting by TT, and 66, the surface values of rr and 66, we get 


iT, + 66, = ©, ~ $2, 
= ett + 2c) f B(a)J (ar)da 
0 


= (1--2o)22, 
Again since 


Up = Zu + y 7, 
T T 
we have from (2.5) 


u = Lee f BO 2 ele Huele 


0 
so that on the surface 23 = 0, 


19 


(2.4) 


(2.5) 


(2.6) 


(2.1) 
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y Qu. u 
iniu I: Gen 


^ 


il 


= (1-20) [Bs (ar) 
0 


[32] 550 e -f B(a}(az + 1)e "std 
0 


8. NORMAL LOAD ON THE PLANE SURFACE VARYING AS (1—7?/a?) ovER 


A CIRCULAR AREA 


On the surface 2 = 0, let ga = ye = 0, and 


eg = —f(r) =—p(l—r7/a%), r«a.. 
S = Q - Q lI, 


where p is a constant. 
Since we can pub 


ai ge 


we get in this case 


B... 


Putting «A = 2, and aa = &,, we have the GE 


f (1-3. (aX)dÀ = wi (i-us dz, 


- al G-z Dies (a) lds, 


On integration by EH the above T iiu Lo 





wa, 


Hence ` 
f(r) = 2p f^ (ar) J, (au) $F, 


~ go that from (2.1), we get 
B (2) = 2pJ (24) PON 


nai BO LS J,(ar) —- = — 9 Jfer) Ja» 
i 0 


f) = f Adereée J meind, 
0 mm: MN : 


fem f. J ar)oda R (es gie Wu 


2 : 2 A ae 
" 41J ,(2,) da, SS i ST x Ziel, 
0 " 


(5.1) 


| (8.2) 


| (3.8) 


tæ 


DEFORMATION PRODUCED ‘BY VARIABLE LOADS ETC. Di 


Then using the result given in (01 we obtain; ~ 


4(1—c* J J puce gs NN 
w, = ( si )p f a) sar) de : 
: 0^, SH Ze 


d - A 2 xr P . 
AE -Biu 5] - — (8.5) 


H 
t 


when 0< r <a (Watson, 1044, p.j401). ^ > - 
Within the circular area w, has a maximum value when rs 0, If we denote this 


* 


value by Wm, we get 





Hence BU ab — (8.0) 


From (2.7) and (8.1) we get 


7, + 66, =—(1+20)p(l—r7/a*), O<r<a 
= 0 7 l f ; T => a. (8.7) 
Substituting the value of B(«) obtained in (3.4) into (2.8), we have 


Fy, an aen Teil 
. 0 








2 g 2 
i ] 
= y pt asr ^. 68 
(Watson, 1944, p 405). ar A sm ^ 


Henee OE ' 0. ce 


WE o ) 2 ` : I 

m == E [X14 20y- (8 +20) 7], 0r. 
2 

=F (1-20)5, a xr. - (8.9) 


a j a Š 
T e P [28 +20) - (1. 62) 5] 0« rea, 


a? 
ON : (1-20), à sx T. (B.10) 
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A ADDITIONAL RESULTS 


I. Let the normal load on the boundary e = 0 be given by | 2 7 
84, =—pe hr, (4:1) 


where p, and h are constants, Then we shall have 


^ 


` — Lao) ¥ Po ,- ten] (5^) (42 
Wa = xn e dk (4.2) 
and 
Ph(1-—6c*j 
Ss 4.8 
Wm CER (4.8) | 
P being the total pressure on the surface. 
Il. Ii the normal load on the boundary & = 0 be given as 
eg, = =p, (4.4) 
where p, and k are constants, we have 
_ 21-07) poh al NT J (ar) 
(a? + a + pen da : eo) 
and i 
w, = E-k, n (4.6) 


Er 


P denoting as before, the total pressure on the surface. 


Presipency COLLEGE, 
CALCUTTA -= 
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A PROPERTY: OF CLOSED REGIONS 
pe | D. C. Misra*. 
(Communicated by the Secretary— Received May 6,.1949) 


Theorem. Of all closed and bounded regions, each of which satisfies the property 
that the distance-between any two points inside it is leas than or equa to 2r, the circular 
region of radius r has got the maximum area; 


Definition. A convex region E ıs defined to be-a bounded and closed region 
with the property that if A and B are any two points belonging to E, then all points of 
the segment AB belong to R. 

If R! is an arbitrary closed and bounded set, the curve C being the boundary, 
there is one ‘least’ convex envelope R of E! which is itself convex, which contains all 
points of E/ and which consists of convex ares of C and rectilinear portions of tangents to 
C which touch C at two points and bridge over ae concave parts of C by straight lines. 
. (Courant, 1986, pp. 100 494). : 


Lemma i. If E is an arbitrary closed and bounded region with the property that 
the distance between any two points inside R' is less than or equal to 2r, then the region 
R bounded by the "least convex envelope" of R’ has the same property. 


Fic. 1 


Proof. Let QMOTNT' be the arbitrary closed and bounded region JI Let TT’ 
be a tangent. that bridges over the concave portion TNT’ of the boundary C! of R! in the 
sense of definition (2). Call the region QMOTT", R,. 

Now if we take any two points p, p! inside R,, then following are the possiblities 
of their locatiqns. 

(i) Both p, pilie m R. 
(i) One of them lies in R’, the citar in E, but not in bt . 
(iii) Both lie m R, but not in F’, | 

Case (i) Here ihe distance pp’ is less than or equal to 2r by hypothesis. - 

Case (ii) Here either (a) pp'|| TT! in which case pp’ cuis CO’, so that pp’ = 2r, or 
(b) pp’ intersects TT’ in which case pp! « either pT or pT’ or both, so that pp’ se 2r; or 
cuts TT’ extended in which case obviously pp! < 9r. 

Case (itt) Here also either pp'|TT! or pp’ intersects TT’; and the argument is 
similar as in cage (ii); only here we replace p by a point on pp’ inside H. 

* Editorial board regrets to report that after the submission of this paper the author was involved in 4 
boat accident under tragio circumstances and died. 
4—1718P—43 


84 i D. C. MISRA ek 


Hence R, is a region which satisfies the property that the distance between any 
iwo points within it is less than or equal to 2r. Then bridge over a concavity of R, and- 
call the newly obtained region R,. A similar argument holds in ease of R, also. Thus . 
proceeding we get at the least convex envelope, K of R’ which satisfies the required 
property. 

Again the area of the “least convex region" R bounded by K is always greater 
than or equal to that of R’. Hence our theorem is true for all regions, if 16 is true for 
convex regions. ` 

Lemma 2. If an arbitrary closed and bounded region satisfies the property that 
the distance between any twa points inside it is less than or equal to 2r and if we take 
the origin O inside the region then the length of any straight line pp! passing, through the 





Pro 2 


origin and intercepted between two tangents, each to the boundary of R, and each 
orthogonal to pp’, is less than or equal to 2r. 
8 Proof. The tangents T’p’ and Tp are parallel. Therefore pp! < TT’, i.e., « 2r. 


Proof of the theorem, Following the lines of proof of the isoperimetric problem 
(for convex curves) as indicated by Courant (1936, p. 218) let the convex region R be 
defined by the envelope of the family of straight lines (taking origin inside the region) 

T cog Q+ 3 sin «— pla) = 0 ` : . (A) 
where p(«) is a periodic function of period 27 which is twice continuously differentiable, 
So the region E is given by (A) and (B) where (B) is 

— gin «+y eos «—p!(a) = 0, 
1.€., the envelope is: an l 
i z = pcosa—p/ sina 
| (C) 


y = pgm e-4- p! cose 
a bang the parameter. ) , 
So aei 
l &!—(p-p'simae ` 
y'= (p+p") cosa, 


A PROPERTY OF CLOSED REGIONS 85 
. Thus the area A of Ris ` : 


-F 1 9r 1 Ze 1 2x 7 
E f (zy! —x'y)da = B f (p+ p*)pd« = 3 f (p* — p" jd«., 
" "p 0 0 


- 


Now let 
E pla) = 44,+ S (a, cos væ + b, sin va), 
a v2] 
so that : 
p' (a) = $ v(b, cos va — a, sin va), 
" you} 
so that E 
A = pld- 2 — Dir ll ss dai. 
But ' 
ay = 5 f plajda 
T 
0 i " 
uf f" = 1 
= HIT sas f poda] 
EN . - 
= 1| f. togas p 22] 
iu. . ës 
= : | [p(a) + pla +r) ]da. 
"o 
But e? 
p(z)-p(z---)z2r ^ by lemma 2. 
Therefore 
da « 2r. 
Thus i 7 
i rêr 


i AS i.0., «nr. 


y - 


But when R isa circle of radius r, A = nr, 
Hence the theorem is proved. 
This ıs, in fact, a problem that arose in connection with our work in Statistics. 
Thanks are due to Dr. Rao for his framing the problem. and to. Messrs. D. B. Lahiri and 
M. N. Ghose for their valuable oriticisms, 


Srartsti0aL LABORATORY, 
PRESIDENOY COLLEGE, ~ 
OALCUTTA, 
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ON THE CONVERGENCE OF CERTAIN LACUNARY 
TRIGONOMETRIC SERIES 


S By 
D: P. BANERJEE 


(Communicated by the Secretary —Recewed April 22, 1949) 


The object of this note is to verify 8 statement made by A. Zygmund (1980) in his 
paper ‘‘On the convergence of lacunary trigonometric series," His statement is, 1b Is 
impossible to find everywhere divergent series of the form 


> (ag cos nt bz sin naO) 


where n, < n, <. .. are integers, nj, [ng >> q >1; and ag, bg O. 
He considered the following numerical example 


7 sin 1058. 
Vk 


kes] 





Let us consider the following series 


5 [ 2 gn lax Q cos ud 
QOB Sm ——— OS m gru e 


ee 8 Vk B Vk 
It is evident that in the interval (0, 1) all the irrational SES are points of divergence. 
At x = 4 the series becomes . \ 
"E. 1 1 
m =| Le E ae e 
gin =( S 75t V Unt ) =+ 


Now the series is equal to 


* sin (10*za — ĝr) 
Eu. A 


Hence the series converges at x = BER ‘38, 21200. $+ 338829 eto. 

It is clear that at each of the points considered above the series converges to 
different values. 

Because the value of the series lies between O and oo we can see that the series 
takes up any and every value preassigned. 

We ean extend the result to any interval. 

Hence the series 


(1) diverges almost everywhere, 
(2) , converges almost everywhere, 
(8) can take any preassigned value. 


Dacca University, 
Dacca, Kast PAKISTAN 
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. ON A GENERALISATION OF WEBER'S PARABOLIC-CYLINDER 
FUNCTIONS 


By 
S. C. MITRA AND A. SHARMA 


(Received May 28, 1949) 


/ 


(k) , a t d d T "NE 
1. Let Do stand for the operator dy j^? dy and Do denote the operator Day 
operating on a function n times successively. Further let D 
Deel = arr DEP (ew) l (1) 
and " -— 
Demer(y) = — ett DEPE ies (2) 


where Dart? stands for the operator * DE. 


-In an earlier paper (Mitra and Sharma, 1949), we have proved that Dinly) and 
Dens i(y) satisfy the orthogonal properties 


f Deny) Dely)dy = 0, (r = m) 


es km-1+1k (m+ 1)0(m+1/k), (r= m) (8) 
and l l 


S Dim Dento) =0, 7 +m 


vi 


= pen £ Den A 1 AU, (=m). - (4) 

Further we obtained the recurrence-relations : . 
Dell + ay? Da (y) Am y" Dao Aal) = 0 (5) 
Das (g) — 997 Dis SD + (om — k + 3) Dig (y) = 0 (6) 
Din;(y)-yDis(y) + kam Dta-Aalä 20 TT (7) 
Disi) + dy?" Dess) (km 4-1) Dg (y) = 0 (8) 


and the formulae 
Demy) = e- viz [y Së T T 1) une? 


„k 


m(km — k)(km —k + 1)\(km—Qk +1 yb LL. | (9) 


Q!k? 
and 


Dimer(y) es g7y'/t [ymn - Ams Dem yc TP | (10) 
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Let us denote the E parts by Haf and Hinsify). We shall in the present 
note first obtain the generating functions of Heimly) and Hyms.(y) and then ihe integral 


representation and a self-reciprocal property of Dpa(y). Needless to say that all’ the 
properties of Weber’s parabolic cylinder functions follow if we put k = 2. 


2. GENERATING FUNOTIONS OF THE: POLYNOMIALS Halil AND: Daat) 
The function 


E ni -y 2k 
Din(y) = (- me TE — 


x Fi m Mk; y*/k) 





a , lufk) 
Let 8 Hen jw Hila Hy, (z)w^* 
h(w) = Hile) + ——— Lk LOD e 
| DH SS wim 
"3 k(k + 1)2k(2k +1) idi —-k4 Dm 
= h,(w) +h,(w), 
SE H,(a)w* | H.,(x)w** 


h (w) = Hait T 


Lk LAAk +12k 





Hen, Hu, ,(z)w""* | 
KR H 1.k(k +1) 


Differentiating h,(w) with respect to w and making use of (he recurrence-relation 
Hym 4G (2) = tH pn (a) — kml, x. (an), 





we get 
, ovaeiack H,(x)w*) . (asbtvsimst Hg, (x)w™ 
. = eH, HEN aO a Lë, Zich 
a eae) LE i Lk(k + lok LECH 
H,(x)w* H ATM 
= H k 2k SS \ 
gi SE E Pm E 
S Hg, ,(z)w** , 
— w* in H $ Hg, ()w"^*" Sg | 
m (MET 
= th,(w)—w**h,(w) (11) 
In a similar manner we can prove that ^. 
h,’(w) = ghlyh-8h, (w) -wtih (w). 0o 2 (12) 
Differentiating (11) once we get y š 
hy (w) 4-2u5- Th (wy + ww + k — 1~ SHEI = 0 * (18) ` 
Let us write 
R h,(w) = eT willy e 
then i 


ha(w) = ow (FE ern) 
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Substituting i in the above equation, we get on’ simplification & 2 E 
d ms wi er T ^I : 
: ` dën et ler cir Ne 
SS? y ` Hans c 0, . 


the solutions of which are 


" ES k l 
of (175 T SC and W.F, CH Sal 


 g0 


On comparing with the expression that we have assumed for h,(w) and h,(w), we 


find that 





d l, zw , 
h (w) = ZP tg Jl cc wn 


and ` l 
ha(w) = wF, D n d Sal suit. 


We therefore have " 


h (w) = F5 wry eren -* T(1/k +1) H yy (eh 











p 2, stier + Uff 1/8) 
and - Ñ 
í S 1 abu DO Jk A UH an, (ewm 
eene T. ek — N AUA t Dama len 
a(w) = ew.,F, (1 tzo qa ) my, nm LU mz 1 +1/k) 


(15) 


(16) 


Putting k = 2 and w — c2 in SEET we fall back upon the following results of 


Goldstein (1982), viz., 


Do D n (z)2"" meh eh on] tm) 
Ké "Gei! "hk eosh (2*2), 


D Dr) 2)" 2) m eet <a kl" Y * 
2 NN ! e cos (2*2), 


Dans del zen Qo bom prteT ai 2i 
25 (2m1)! SS aah Nate), 


Damal) — 2)” Ets i 
2o on ST S 2716 sin (242), 


after multiplying both sides by the factor eig, 
3. We can prove by direct term-by-term greens that 


—a' fk — di 
à mmf i Fi: | TE) " 
"TN j í 
Operating on both sides by the operator Din” , we find that 
pipe LST ("soeur p (1, we 
Di) (elk) = Tf g-rumb F, P ; du, 


* 


(17) 


(177 


(18) 


^ (18°) 


- 
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Putting k = 2 and using (1), we find that 


E ER mtl 
e- e RD, (a) = C UT raj] oUF, (i; -1 du, (20) 


Let us write uë = kv*, We then have 


mpIm+I+HI. 
ec PED) (2) = ppp f: -hymk F — ott) dv 
Da/k). 5 Je 


' which reduces to Adamoff’s (1906) result, on putting k = 2. . 
A Let vs now write u*/2k for u* in (20). We find that 


eee -gmp f? ,. kk 


Hence noticing that 


Dym(a) = e-*' d — tb qbm-k 


, km(km — k)(km — Tk Dm = 2h t1) amu, o} 


T2” 
we get ` 
m^ (nei 0m ÀJ Dicis): ] 
2.11ik 
(=~ TH (i SEA 
^—9mtl mR (I E A Dyn (2). ah: i , ors u. (21) 
We know that D(x), satisfies the differential equation - 
3 
Dye) BS Donla) + (Q + willt — ja] Dao) = 0. (22) 


Let 
i g = ec De (x) = Ela). 


If we write 2g for z, the equation (22) reduces.to 


+ SE Dis itg) - 52: Dis (2g) + (1 + 2Im)af-* E 


The equation ee is 


a 
cat (7 pet e eet = 0, (23) 


‘Let us assume that 


- 


Dy (212) = X An Buda) = Y Age? Da). 


- n A 
» 


* yp" 
mp w 
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On substituting in (22) and taking into account the differential &quation and the 
recurrence relation satisfied by E,,(z), viz., equation (28) and 


Bye) Es (o) T ( Bela) + (or —k+1)B a) = 0 


we get after a bit of reduction that 
S Anf(Qmk — 9rk) Hy, (x) — kr(kr — kA Ur, (2) = 0 


whence 

de(kr — k+1) 
A Vë bes Toni a B 
pet = Aes D tot — — rk +h) 


Hence 
" km(hm — k + 1) 
CEET 
km(km —k)(km — k +1)(km — 2k +1) 


ZA = Ara 3i 3 


- 


and soon. Therefore 


` Dis (ifa) = An. et Dinle) TIL dk 


Equating the coefficient of aen, we find thal 


f Arm = 2", ` 
Hence the left side of (21) is ] 
= j * l 5, (aka), e 
M 2 x "e a a 
We therefore have : 
1nd Ab d 
Dy (21g) = Loss s f». Dis (u)., P,( ; SC du. (24) 


If we put k = 2, we arrive at the integral equation of Milne mS 
DEPARTMENT OF MATHEMATICS, - " 
Luc&Now UNIVERSITY, i 
Lucesow 
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AN EXTENSION OF HAMY'S THEOREM TO ROTATING 
- ' GASEOUS BODIES 


By 3 i E 
N. L. GuosH i 


(Received March 18, 1989) 
INTRODUCTION 


M. Hamy (1889) proved the Theorem that ‘‘a heterogeneous mass of liquid rotating 
steadily about a fixed axis with a constant angular velocity cannot have an ellipsoidal 
density-distribution.’’ The present author (Ghosh, 1947) in a previous paper has proved 
the impossibility of density-disbribution in similar ellipsoids in a direct and simple way 
which shows that the result is true not only for the field due to self-gravitation of the 
rotating mass but also under any additional potential fields due to external sources such 
that Poisson’s equation due to the density-distribution may remain unaffected. 

This paper is an extension of the same theorem to the case of compressible fluid- 
masses, where the pressure is a function of the density alone, rotating under the same 
conditions, with angular velocities not necessarily constant. It proves that a 
heterogeneous mass of gas in which the pressure is a function of the density, rotating 
under its own gravitation cannot attain a similar-ellipsoidal density-distribution. 


1. The equations of motion in Cartesian co-ordinates are 


ag = OL 4 l.8p 11 
5770s p Oe Se 
(94778). p By ve 
ob 108p .. 
wot aq E P 
i de T (1.8) 


where w, ©, p, p denote the angular velocity (not uniform), the potential, the density and 
the pressure respectively and 4 satisfies at every point inside, 


" Wb = ~drGp (1.4) 
Wi 
2 = o po 
H ~ Ba? tiat Oe" 


For any gas where p is a function of p alone, let 


f? 9? — gei, (1.5) 
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me 


Hence, froin (1.1), (1.2), (1.8), 
u" (zdz 4- ydy) = — a +2. (1.6) 


and thus w*(edx+ydy) must be a perfect differential, which proves that œ must be a 
function of z? -- y* only (Poincare’s Theorem). From (1.8), (1.4) and (1.5), we have 


2 OP _ nx 
5 V 3s fp) + 4nG.— zz. | (1.7) 
Now, if possible, let e 
p = $È) (1.8) 
where - . - 2 
É = ax? + Byty, | Oxixl. (1.9) 
Then, 1 
fle) = fib = x(€), say. (1.10) 


Hence, trom (1.7), we have 
Diere? + B*y? + ye)" (E) + (2+ B+ By) x(E) +20GW'(O) = 0. (1.12) 
Equation (1.11) 18 obviously integrable when, either 
: a=B=y, or x"(£)- O0. 
In the former case the density-distribution becomes spherical which contradicts our l 
"hypothesis: Hence for ellipsoidal distribution we must: have, i 


x" (£) = 0. i (1.12) 
x'(£ = L, ` (1,18) 


where L 18 a constant (0). For, L can never vanish. Since in that case /(£) must? 
also vanish and hence p will become a constant. From (1.11) and (1.13) 


Integrating, . 


miS eiu. luta As 


2nG : 
whence, 7 

l ispa EB FOE. ; (1.14) 

~ gG o : 

- where, | S 
. pps when z=y=er E= 0. (1.148) ^ 
lhus i » ey 

B L(a 4 B 4 8y) Do cen 1.1 

Po UAE SR c. ; (1.15) 
For pressure, we have from (1.13) l 
, x (E) = LE+M f l _ __ (1.16) 
where M is a constant, and hence from (1.5) and (1.10) 
i | [2 = x(E) = SLE +ME+N (1.162) 
- p ` 


- - f The author desires to pomt out here that equation (1.7) plays a basic part in the study of all 
rotaling gascous models. It is intended to discuss this point elaborately in a subsequent paper. 


^ 
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where N is another constant. Hence, with (1.15) we have 


2p = ën Mila GH Let (1.17) 
E 
leading to 
p = EET BY 9) e, nf "MGE PM Maien, — (18 
8rG 2 o 2aG 


where P = Po até = 0. 
Boundary Conditions. Stability requires that the density of the model inust 
diminish outwards. Hence from (1.15) we must bave 
L>0. 
Again, as the boundary of the gaseous body is supposed to be free, p and p must vanish 


logether on the surface. Hence in (1.15) p vanishes at € = 1, assuming the free-surface 
to be oe + By? +ya* = 1. And hence 


a 2np, G ss 

(a+ 8 +dy) 

-With this value for L, (1.15) becomes _ ; l 
l p=pll-). oo (1.20) 
- The above value of p obviously satisfies the further condition that p musl, bé positive 


everywhere inside the boundary. This follows at once from thé mequality shown in (1.9). 
_ With (1.19) and (1.20), (1.18) reduces, after simplification, to 


(1.19) 








L 4 L+M, ue l ) ' 
= — p’ — + + . : 
D 8p, p 3, p 6 Po t Po (1.21) 


M > 0: Ás Po, Po and L are all positive, it 1s obvious from (1.21) that p and p 
cannot vanish togetlier if M is positive or zero. Hence there cannot be any equilibrium 
of: such a type with a surface strictly free. Besides, equation (1.21) in p, for p = 0, does 
“not give any positive root. ‘Hence we conclude that when M > 0 there cannot exist any 
possible solutions with an ellipsoidal stratification. We shall next examine the case 
when M is negative. l 

From (1.21) we see that p will vanish on the surface where p = 0, only if, 


M= _ Op. * Lëps, . (1.22) 
SPo , : . D 


But from (1.16) it ig clear that Af represents the value of dp/pd£ ut the centre. ‘That is 
p (idb | | 1.23 
; p d£/t-s. Ge ) 


" Thus it is possible for the pressure to vanish on the boundary given by p = 0 only 
when the value of dpjd£ (€ = aa? + By” +yz") becomes negative at the centre. This does 
not vitiate the physical condition that the pressure attains a maximum at the centre. 


— 


ae 


d 
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From D 18) by (1.19) wo have, » ; 
p =—4hLp 63+ 4p,(L - ME MES po ` (1.24) 


Hence, . 
dp/dé= (1— pole + Mp} = (1-£){o.LE—4(6p, + Leck 
by (1.22). 
Ás1—£ 2x0, dp;d€ will remain. — throughout if. . 


Po > Spo. . (1.25) 
Thus under (1,25) the pressure will continuously diminish outwards and ultimately vanish 


at the surface, a necessary condition for any stable form of equilibrium. With (1.22), 
(1.24) becomes | 


DENKT 207 (120) 
As p must be positive everywhere inside it is enough io take | H T » 
Po > Pols (1.262) 


08 Das = 


Ge (1.25) and (1.26a) show thai the same value of p, will make ' tp! positive 
thioughout the interior as will make it diminish steadily outwards. 

It wil be useful, here, to summarise the results thai we have obtained so far, 
belore proceeding any further. : 

We have found that Hemes 'iheorem holds good in all cases except, perliaps, 
when the pressure and the densily are given by (1.26) and (1.20) respectively and either 
of the conditions in (1.2602) holds. This leads us to two likely exceptions to — 8 
theorem according as p, equals or exceeds the value of $p,L. 

We shall prove that in both cases Hamy's theorem does hold good if the field i is 
due purely to self-gravitation. 

Now we shall show that in every possible case of steady rotation about, a fixed axis, 
us has been assumed at the start, the distribution of density must necessarily be 


* 1 


spheroidal. . 
From (1.6) we have 


d dir = dpa f x (1.27) 
where r? =g ty . : TOP 

Hence from (1.16a), the right hand ido deduces to 2 7. PRU 
-BHALE + ME+N 


where L(> 0), M and N are constants and = egz? + By? + yz. Operating on both sides 
with V? and remembering thal w is a function of r alone, we have 


p 


= T: (w*r?) = Map, G 2M (a+ B + y)] — 4L[aty — 2)2? + B(y By}. (1.28) 


Equation (1.28) becomes integrable only when 
a= B. l (1.28a) ` 
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. Thus the stay of ellipsoidal distributions necessarily reduces to the study of 
spheroidal distributions in cases of steady motions about a fixed axis whatever be the 
angular velocity. Hence in further procedure it should be enough to consider £ as 
a(x? + y^) + yz? or ar? + ys? 

Calculations for w and P. From (1.28) we have, by integration, with (1.284), 

or? = f2ap,G + M(a+ B+ y)? — La(y — ent ` (1.29) 
the constant of integration being made to vanish as w must romain finite on the axis. 

The value of wi given by (1.29), wiz., E 


vt = Senf M(a+ B--y) Leit  a)r* (1.30) 


holds good in both the exceptional cases mentioned before provided the appropriate 
values of L and M are substituted in (1.30): 
Again from (1.29) we have 


1 w'tdr = i122p,G + M(a+ 8+ y)}r* — Laly- a)ri + const. (1.31) 
Hence, front (1.27), 
ER f P- Mr. + M(e+ B4- yl? + La(y — a)* +C, ` (1.82) 


where C is a const. 

We have seen before that the possible exceptions to Hamy's Theorem aré the cases 
. where the density and pressure are given by (1.20) and (1.26) and either of the conditions 
~ in (1.208) holds. That is, we have 


p = poll 8; p = D fg Ap El, and p, = Anel, or p, > Apel? 


. Zro, G 
t f L= ARPT 
with a+ 8+8y 


When p, = Apel, we dl cail the case, casg (a) ; ; when po > $p L, we shall call the 
cage, cage (b). We shail’ discuss the two cases succesively in the next two articlos. 


2 


Under the conditions for axial symmetry enforced by (1.988) ihe equations of motion 
written in cyliridrical co-ordinates take the form 


2 50, 18p 
Sr p Or | 
(2.1) 

ne -99 4 19p 

O2 p O2 

with , 
27 = 12 (8) Ob an 

V P " ar d Ta Aa Gp. l SS 


We have, further, p and p given by (1.26) and (1.20) together with ` 


AL 
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Po = $Pyb. 3 . : (2.8) 
With this, (1.26) gives S : S oo a : 
Cum p= p-8 (2.4) 
and, of course, e l 7 
p= Dall — £), d : (2.5) 
as before, and : 
: E = ar! t ya", ; (2.8) 
Besides, from (1.22), with (2.8), we have e ` 
. M=-L ; (2.7) 
and from (1.19). 
= dup. | (2.8) 
2a + By 
Hence from (2.3), 
— p4G | 2.0 
Po = Ste + By) Sc 
From (2.4) and (2.5), the (p, p) relation is given by. 
gos p = kp? i (2.10), 
where : ] 
k = p po’. (2.11) 
The free-surface or the boundary, given by pup 0, is ` i 
; i or? ae = 1 (3.12) . 


and for oblatenegs 
yo @, ` (2.13) 
‘In this cane, (1 30) gives 
o? = 8kp fy- aly- a)r}. (2.14) 
This shows that w remains real throughout the mass. Again (1.82) considered with 
(1.16a) reduces in this case to SS $ 3 


(o = ako, (L— ar^ — ya?) 2 gko r4, — a(y - e)? ] +0, (2.15) 
where C is a constant. : 

The function $ given by (2.15) satisfies the equations (2:1) and (2.2), is finite and 
continuous at every point inside and its first and second derivatives satisfy the necessities 
of a potential function inside a distribution. The question that now remains to be 
settled is whether this © represents the Newtonian gravitational potential due to the 
distribution p or not. We shall designate the Newtonian potential due to self-gravitation 
of the mass by V, i i 

We can easily convince ourselves that the potential V due to the mass distribution 
(2.5) cannot be the same function as @. If for the moment we assume that ® and V 
are the same function then their values should agree at all points within the mass where 
(2.15) holds. V can be calculated by simple integration at two points, viz., at the 
centre and at the poles of the spheroidal mass. It can be shown that ® and F do not 
agree simultaneously at both these points. ‘The identification of © and V at the centre 
determines the value of the unknown constant C in (2.15). This enables us to calculate 
the value of © exactly at the poles, p es l : 


a 


and 


CS ~ 8je(y- at 
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-- 
~ = ^ A mA«— 


fel TU m 


The co-ordinates of the EES are (0, 0) and those of the upper NT (which we shail 
denote as B) are (0, acht. We find after some calculations that 


VO, 0) = he po EI tan~! (GR. (2.16) 


rl oe Deche sm 
From (2.15), we obtain 





di, 0) = kp +C. p 
Hence, equating (GI, 0) to V(0, 0), we have, 





TPG noe? inn (a) ‘ 2 18 
"Ay eg gE T Na ni 


by (2.9) and (2.11). Again, from (2.15), 


Hence equating ® and V X B, we'musb have 


TPG PT . tan"! E = ER 
* Ze? Ba + By Label poe j 


npo G (2 XY. y [s our (tz Beca] (2.20) 





Now if a, c be the semi-axes of the elliptic section through the axis of rotation, we have 





1 1 Ge y— a e 
OQ m —i I. o_o m l1—6?*: and L = 
qe’ og y a i a 1—23 


where e is the eccentricity and hence must be less than 1. 


Expressing equation (2.20) in terms of e we see that the identity of the ivo gides 


does not hold for any positive value of e less than 1. Hence we conclude that ® and.V . 


do not agree, at the point B in any real case. The case for exact sphericity, i.e., when 


` e = 0, is discussed independently, because the expression for D at any point inside can be, 


obtamed easily. 

It may be remarked that the limiting case when e = 0, 1s physically important and 
interesting simce -steller bodies inspite of their small rotations exhibit practically mpberien 
forms, i 


the previous one by putting y = «e, and hence we have, 
p = p1 —«R*), 
p= weg 

where R? = riet, Dess kpò, pot = 25G[15k. 


- 


(2.21) 


s - C. (2.19) ` 


The spherical case (e = 0): The results for 4his case are obviously obtained from. 


-— 


1 
- 


e, 


^ 
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(2.14) gives , i a 
A — TPG D i 
| o E ` (2.22) 
showing that e must be a constant, and lastly, «P takes the form 
kp (1 -—2R*F —8kp,"ar? + lim C. 
But y*a 
` lim C = Pl, 
yta oa 
Hence we have, putting + = 1/a’, 
| P a 25,,1R 2 
Sp A^ pau EE b 
npo t-g R Se 5 Ge) 
Now, in this ease, we obtain easily, 
V e 2 LP 
— = LRP 2.24 
zw ` "` 8 "Ze Sr 


Equations (2.23) and (2.24) show that ® and V though identical at the centre are not so 
al every other point. In fact, we have, 


A 


d H 
pe? 





= op ee (Dé Bay. ^ (2.25) 3 


We can easily verify that 
DI äre D atb every point inside; 
7 | Di wvV/-0 at res e sn DI 
(iii) Vi=0 at r=0, 2-0; 
(iv) VtO at r=0, =a. 

The discrepancy in ® and V as shown by (2.25) leads to the conclusion that 
equilibrium of the type discussed is not possible even in the limiting case when the 
density distribution becomes spherical, provided the potential field is due purely to 
self-gravilation. 

'*On the other hand, if we suppose that the density distribution in (2.21) 
 vinmntained under the additional influence of external gravitating masses, the potential 
due to such additional masses should be given by (2.25) as mp,GV’. But as V’ vanishes 


- and changes sign it cannot be due Lo any distribution of real matter. Hence spherical 


distribution of density of the nature (2.21) is not possible under any gravitational field 
whatsoever. j 


3 


Case (b). po > Apel, 

In this case the e (2.1), (2.2), (2.5), (2.6) and (2.8) hold T The pressure 
p is given by (1.20) and for M we have the value given by (1.22). In addition we have 
. pa» $poL, and hence we put 
6—1718P—9 
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Po = $PL(1+ p’) o (3) 
where 
f p^ > 0. (8.2) 


[u = 0, gives us the case discussed in the previous article, and hence case (b) can be 
regarded as more general than case (a)]. 
From (1.20) by (8.1), we have 


P = Apel -E zët El. (3.8) 
But p = p,(1—£), hence 

[2 - pa - i-a. | (84) 
Again, from (1,22) and (8.1) we have | 
l =- L(+ 42). | (8.5) 
With this value for M, (1.32) becomes i 
u D -AL[BG-Q*-4et]-3L[By- Jp Qnem alya] +C (8.6) 
where C is a constant. - Equation (8.6) can also be written as ` ` - 

$ = 4L[(1—£)? -r(2y -$a(y — ole + guyr — 227) ] +0. (3.7) 


. As in the case of Art, 2, the question that now presents itself 13 whether the 
function ® that appears in (8.6) or (8.7) represents for any real value of yg, the actual 


Us gravitational potential (V) due to the density distribution p(1— £), confined within the 


boundary ar? -- ys? = 1, 

We shall prove that OG cannot represent the Newlonian potential (V) due to self- 
gravitation except in the limiting case when y — « which however becomes trivial as the 
angular velocity for that case vanishes everywhere. 


The limiting case y —> o, We propose first to examine if there is a real value for 
u which will make d agree with V in the limiting case where y > o, i.e., when the 
distribution becomes spherical, We find that u = 1 satisfies the requirement but the 
corresponding w vanishes, as has already been mentioned. From (8.7), 





. R? a 9 3 2,2 l 
lim D = 3 [(:-4) = 5 que s eS | AO (3.8). 
where ` = 8 


RP = 2 +27; a=ayol, C' = lim C. 


when we pul . ge 
p ; l Le äng, -- . e e - (8.10) 


to which (2.8) is reduced m the limiting Case. 


" m ILE us -c Ze x F be 
Ee ee ee 

~ x * + 
BA. € & a 
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"Bul the “density distribution and the boundary being the same as in the limiting 
cage of Art. 2, we have V given by (2. 24) and hence ^ 


NE dci d 
Tan [or 2 nee ER 000 4841) 
Hence & and V will agree exactly everywhere inside the mass if 
= tnp,G.a?; p= i, P i j (8:19) 
- Now we find from (1.80) o l a : ] F "T 
` w? = Inp,G+M(Qa+y) | 
But l SU. A um E 
|Mz--—L(lt8j) —-—$-5»GÀ. ` | 7 (8,18) 
Hence - pi S ae o 
w = Q. - "NEC ' EH (3.14) 


Hence the limiting case of case (b) reduces to that of a non-rotating model when ` 
equilibrium i ig maintained purely under self-gravitation; and | as such ‘the result becomes’ 
trivial. 


—_ -——" 


The general case. To discuss the general case we go back to SE (8. 7). 








Substituting for L and € from (2.6) and (2,8), we have ; 
ab 2 [ 8c? + a*(8 — p’) 3 8 +2” ` 
mpc  2c?+8a? Son Die RAN Be j | 
E ri a "quu TÀ A +0, (8.15) 
. a?c 2a 
‘where o = 1/aj, y = 1/c? and C is a constant: 3 


The Novia gravitational potential y for the distribution p = p, (1— */a? — e? Je), 
however, can be obtained by a formula given by Hobson (1896). We obtain therefrom 


= eee t [reinen 1- — — 
(a? ae + 6)* (a* -- 0) ` (c*+ 6) 

., Hence, 

De | .9V 


pat C 
f 


= A,—24,7—2A,2?+ 24,172? + A r* + Apat (8.16) 


where the coefficients A,, A,, Ag, 43, 4,, Aan are given by 
te | ees DEI eg d eee. u 
o 77 (a? + 9)(o* ERR i (a? + 8)? (c? + Oy H «49 (a? + 6)(c? + 6)8/2? 
` : ) : (8.17) 


=f eae @ CEDERE di? Greg ^ ei GOGA 
Hence for the identity of b and V we must have, 
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2 Se c a*(8 — p”) 








E” d _2S8cr+a%(8—p'), 4 E 8 2, | 
pec. oa 0 dips Gei ti äaflaëe | ^*^ 8 ee +807)? | 
i (8.18) 
2 l a? +e? 2 


geg a*c(2c? + 8a*)’ ES (2c? -- 8a?)a'c ' : lu C (9c3 + 8a?) j 


It is found that the last three equations in (8.18) become inconsistent when their 
values from (3.17) are substituted unless a = c. That means d and V eannot be identical 
unless the spheroid reduces to a sphere. Hence we conclude that a strictly spheroidal 
distribution of density is impossible in compressible fluid bodies rotating under 
gelf-gravitation. 

‘+ . This proves conclusively that Hamy's theorem (for distribution in similar ellipsoid) 

` can be extended without exception to the case of non-hómogenous gaseous masses, 
with pressure as a function of the density only, and rotating with variable angular 
velocities in general. 

In conclusion, I take this opportunity to offer my grateful thanks to Prof. N. R. Sen 


for his kind interest and encouragement in the preparation of this paper. , 
SURENDRANATE COLLEGE, | 
CALCUTTA. 
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ABSTRAOT 


The present paper desis with several categories of infinite (Riemannian) integrals of a real function, - 
involving several positive parameters. The sufficient conditions of uniform and absolute convergence of any 
such integral bave been touched upon, and its functional value (if and when convergent) in terms of the para- 
meters bas been serutinised with special reference to its properties of continuity and differentiability. One 
of the remarkable categories of infinite integrals, discussed in this paper, is that in which the integrand, besides 
invulving a number of positive parameters, contains, as a factor, one or more of the three functions mt), Qt) 
and W(t), 80 conspicuous in the Modern Theory of Numbers (particularly, Theory of Prime Numbers). For this 
purpose free use has been made of the (known) 'asymptotic values" of the three functions. The paper 
concludes with a laconic reference to some of the more common infinite integrals, which play an aportant role 
in the Theory of Attraction and Potential and Hydrodynamics. 

A good deal of the results embodied in this paper is believed to be original. 


e , INTRODUOTION 


As mentioned in the Abstract, the main purpose of the present investigation is: 


(i) to study the conditions of uniform and absolute convergence of an infinite 
integral I of a real function, involving a number of positive parameters; 


(ii) to characterise the functional value of J in terms of the parameters; and 


(iti) to establish the legitimacy of differentiation under the integral sign (in 
favourable cir¢umstances). l 

The integrands of certain varieties of infinite integrals, discussed in this paper, 
contain the three familiar functions z(t), O(t) and y(t) in the ‘‘Theory of (Prime) 
Numbers." As is well-known these functions are ‘‘ almost continuous’’ and therefore 
integrable over any bounded domain, and indirectly give rise to certain subsidiary 
functions, which are integrable over any domain. bounded or unbounded. The 
E subsidiary ’’ functions are a component part of the integrands of some'of the infinite 
integrals, disposed of in this paper. 

‘The paper concludes with an enumeration—with- brief annotationg—of certain 
well-known (infinite) integrals, which figure so conspicuously in Applied Mathematics. 
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It may be pomted out once for all that the term “‘domain,’’ used in this paper, 
stands for “a domain of positive quantilies’’ and that the contraction rt, 


means ‘with respect to.” : 
-The paper is believed to contain not-a little original matter. - 


1. Consider an infinite integral I of the type 


Iz T V.dt, (dz-0) . _ (1) 
s d | j t. 
_ wherein the integrand V, regarded as a function of the real variable f, is given. by: 
NR Se w^ os E : 1+ = f(t) | ae - a IPM LM (2) 
d i, being postulaed:..5 ^5 se > H | "4: cr 
. (i) that f(t) is ü E of dégree m, d | SC i s 
(à). that s 7 2! VW x Tee", : 


M A d ae ere ae | 3 


(iv) that the constants {a,} and {e,}—be they pci) or a to the 
relation : 


E] 
Ae 


Zei 


2 q =p-m> 1, whee ps zg | (8) 
. rol 


Now because ¢,+¢ zi ior every r, we must have 


Pe "Sa 
W = [I (atte St, Le, >t, 
ral 


-a 


so that, when t is very large, 


(where C isa hme constant), t.¢., é 
Tone : Le OE ee e Ke 


— e ~= D e e mm - -— - ++ Aon ob zem e 
-— 


If, then, an ''auxiliary"' Ges Seege Jeanie 18 of course absolutely. cons 
vergent—be defined by: 


SÉ tO xe e stach, Ulo tees ctm, 
we observe that tho quolient of the integrand of I, divided by that of d , Ui2,, 
E 
IG 


has its modulus always bounded, whatever positive value (finite or infinite) be ascribed to 
the variable t, So by the analogue of Weirstrass's M-test or by the generalised form- of 


~ 


- 
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De la Vallée Poussin’ 8 test, 4 the integral I is absolutely and uniformly convergent for 
all finite (real) positive values of Io, @3,..., a4). Further, V being a continuous function: 


of the a-parameters (as also of t), we infer, on the strength of a well-known lemma on 
Analysis, that I ig a continuous function of og, a4, . . ., Gn). 


- 


"To scrutinise other aspects of this functionality we proceed as follows: 


- In the first place we remark that the integrand V (of I) is not only a continuous 
function of (8,,d4,..., Gn) but also differentiable any number of times w.r.t. each of 
them, In point of fact, the partial differential coefficient of 4 w.r.t.’dy, may be written as: 


~ 


QR X Sc: d 
JL MEAN a, Kai e 
go that ^ 7. F RC xo X 
di d ERE f f(t) dt | rs 
, 00i tJ, (au Det (ose D (a, tt)... (as Es 


The multiplier (~«,) being ignored, we notice, thal the infinite integral on the 
R. H. B. of (4) 18 almost identical with I, the only difference being that the indices of the 
binomial factor To, +t) in the denominators of the two integrands are 2, in one case and 
{x+ 1) in the other. Mm a 

Since (2,-- 1) a4,-Fe, t +++ ta,—m = 1+(p—m) >2, we gather from what has 
been proved heretofore that, just like J, mg infinite integral (4), viz., 


j 7 OV rat 
is also absolutely and uniformly convergent for all positive values of (a, ds, . . ., Gn). 


Further in view of the fact that OV /@a, is a continuous function of a, we conclude -that 
the original integral I must be differentiable at least once w.r.t. a, and that 


el. ap ! l 
ad 5 
dek , 9 E i (9) 


KH 





a gëlt Thé test in question may be enunciated in the following convenient form :— 
If an auxiliary infinite integral J, 0z., 


x(z))de 
a i a 
be absolutely convergent and if the function dtz, aj—supposed bounded—fulfils the condition that the modulus, 
UI!Z., , M SS? ie, a) 
» x(a) 








remains always bounded, as x ranges freely in the unbounded domain (d, oo) and the (real) parameter a moves 
freely in a specified bounded domain Le, b^), then the infinite integral 


T Wo, ads 


will be-absolutely and uniformly convergent for all values of a belonging to the interval (e, b^. " Carslaw, 
1980, 588; Whittaker and Watson, 1940, 54. 481). 
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ka 


Considerations of symmetry shew that ue results must hold for differential 
: coefficients w.7.t, other parameters, t.6., 


sw 


- 


Bid SE gs dissi ah . (9 
Dam J, Bam . ; 
Inasmuch as each of the n infinite i comprised by (6), is uniformly convergent for ` 
all positive values of (Qs Go, .. +) 4n) and OV/Gaq is a contmuous function of t and 
Qi, 0,, . . ., (y and is itself differentiable indefinitely w.1.t. each of them, it is crystal- 
clear tte any of the n integrals, marked (6), must also admit of differentiation under the . 
sign of integration w.r.t. each of the n parameters. In other words, the rule for partial 


— . differentiation w.r.t. fa,} under the sign of integration is valid in its most generalised 


aspect: We may accordingly PUIRIOOEISUG our final conclusions in the form of a regulan. 
proposition, viz., i 


. Proposition A. If ME 
pef vits [a Ko dt. i RER 
CEDE | 


H d ~ 


where f(t) ig a polynomial of degree m and dü, a,>0 and a,>0 (for every P 
and > d,—m > 1, then I must be absolutely and uniformly convergent for all finite 
: real . 


values of (Qi, Qas . . ., Gn) and its functional value in terms of those parameters must be 
not only continuous but also differentiable indefinitely w.r.t. each of them. Moreover, 
the typical form of a mixed partial differential coefficient of I is given by: 


ALS f arat | (11) 


where A stands for the (mixed) partial differential operator : 
| Okrthabhat oe the 


Gat Gab Gait... Salz HD 


Furthermore, subject io the afore-mentioned restrictions, every derivative infinite 
integral of the type (IT) is itself absolutely and uniformly convergent for all finite values 
af (Qi, Qs, . . ., aq). 

9. A little reflection shows tbat Proposition A of the previous article remains 
perfectly valid even when the function f(t) is no longer a polynomial of degree m but is ` 
rather an arbitrary function, which is contmuous and differentiable indefinitely for ‘all 
positive values of f£, and at the same time fulfils the condition : 


f(t) = O(t"), where t 1s very large. 


We shal! in the succeeding articles deal with another category of infinite integrals, 
in which the integrand V (of I) is modified in various ways. As a preliminary to an 
adequate discussion of such integrals, it will be necessary in the next article to make o 


- 


"nd |  -.- 


* 
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short . digression . on. three remarkable neti of a real variable, so well-known in the 
Theory of Numbers (particularly, Theory of prime numbers). 


3. Supposing t io be any given positive quantity (integral or fractional), we shall 
introduce three functions a(t), 6(t) and (t) in the followmg manner: 


a(t) = the number of prime numbers x t; 
. 0(t) = the sum of the logarithms of all primes < t; 1.6., O(t) = 2 Ge D; 


and y(t) = the sum of the logarithms of all primes, aoe sous are «i ie., 


| y(t) = 2, log p. , 


Then we ver il, from the ‘Theory of De (Hardy and Wight, 1945), that, T XE 


when f is very large, 
a(t) ~ i| (log t), ) E 


| ^q) 
an vt) d. | pur s 


| The very den ibas shows that, in any bounded domain (a, b), where O<a eo 
each of the three functions’ 


` at, t), lt o Wo 

is bounded and '' almost continuous "7 * and is therefore integrable over any part of the 
bounded domain. Next, the three subsidiary functions : I s á 

SL Sak z(blogt ol dÉi: i (8) 

EE A DEE KD DR E. . , 


are bounded and ''almost continuous ” throughout any domain (bounded or unbounded); 
but although integrable over any bounded domain, none of the functions (8) is integrable 
over the unbounded domain (d, oo). However it is easy to see that, by a slight modifica- 
"Lon of the denominator, each of the functions (8) can be rendered integrable over the 
unbounded domain (d, co). Asa matter of fact, the absolute convergence of the infinite 


~~ 


integral 


5i (d>0, 8>1) 


bemg kept in view, the absolute convergence of each of the infinite integrals: 


D f nlt) 10g tay, f SÉ f Wat, a>1, B>2) (4) 
d d d 


becomes manifest. 


“a 





+3 


* As usual, a function f(t) of 4 real variable is said to be '* almost continuous " in an interval, provided 
that it is generally continuous save as to a set of points of (ordinary) discontinuity of zero measure. In view of 
the fact that the (ordinary) discontinvities of e(t) consist of the enumerable sequence of prime numbers 
9,8,5,7,. . itis manifest that sii is ‘almost continuots de throughout any bounded domain. Bimilar 
remarks obviously apply to the functions GO and y(t). 


7—1718P—2 
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Ei 


The reader can easily multiply instances of absolutely. eenyergeny integrals of the 
above description. Thus, for example, the integral 


[ KOP PORO log 9^1 AO, ,—0 v0, dz 1, BD} 


ptateta+B 


can be "€ verifled to be absolutely convergent. 


4. We shall now take into consideration certain types of infinite integrals of a more 
complicated type than those discussed in the foregoing articles. For this purpose we 
shall use the symbol V in the sense of Art. 1, as modified by Art. 2; that is to say, the 
. defining equation for V will be taken to be 


À T = ` V- IO (1) 
Ww H ` 

where : 

GO f(t) is a function (rational or transcendental), which is continuous and 


` 1" differentiable indefinitely for all positive values of the real variable ¢ and moreover tallies 


with the condition : 
f(t) = OD, when t is very large, a (2) 


(i) W= Il (og, +t)”, where a, > 0 and o, DU for every r, 
fcn 


and (d) gr pm zl where p= > ap. 


The continuous function V being defined once for all in the afore-said manner, 
let us now introduce an infinite integral I as follows: 


def vua. (d 2 0), ^ B 
where tho symbol U may stand for any one of the functions: | 


bs s r() log t a, y wo (8 3j 
and ] l - EN 
«(Op Cy fA) (log t? 
Dobe- er B | 
(where A>0, u>0, v>0, d>0, B> 1): 


Inasmuch ag the modus operandi is’ essentially the same in all the cases, we may, 


for the sake of precision, concentrate our attention upon only one of them (say, the first). 
Thus we shall set 


p = set (B > 9). i o. mM - (8) 
Now by (4 of Art. 8, the definite Hee J, defined by 


J= f va, a>0, B>2) . (9. 
d l | 


ke 
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ony 
is absolutely convergent. If then we compare the integrands of I and J, as defined by 


(8) and /6), we find l 
xen -fg] - 5) - 4) 


(when £ is very large) by (2). : 
Because q > 17» 0, we learn that when T is 3 Very large, 


——| is very small. 
ii y 








rue 


e 


is also finite. In other words, the modulus 








Needless to say, so long as i is finite, 


of the quotient of the integrand of I, divided by that of J, is bourided for all positive | 
values of t (finite or infinite). Since this is true for all positive values of the parameters ` 
(üis 45, ..., Gn), we conclude—in accordance with the analogue of Weirstrass’s M-test or - 
with the generalised. test of De la Vallée Poussin (as mentioned in the foot-note. 
io Art. D—that the integral I, as defined by (8), is uniformly (and absolutely) convergent 
for all positive values of the a-parameters. 

Admittedly the integrand of (3), oe, VU is not a continuous function of 
(fa, a,,..., a) although V itself is such; nevertheless the integral I is uniformly 
convergent and the function U, though not continuous, is a bounded integrable 
function of t. Hence appealing to Carslaw (1926, §84), we infer that I is a continuous. 
function of (o, ais cus Hn): l PES 


Now remarking that U 18 quite independent of the parameters, we have - 


8 aV l ET 
a tU ae Oe l B ZH. 
so that by (4) of Art. 1, 
? $9 " f f(t)Udt 
——(VUMt- — eee COE ERI IA ad! acr S NIRE eee Re 
/ Ba, i P (a, tech) (a, +t) (a, +i). oe (ap +t) 


Repetition of the previous line of argument makes it plain that the integral 
0 D 
a * 
——(VU )dt = RA 
J gU 67129. ..m 


18 uniformly convergent for all positive values of a,. dt 
Hence referring to $86 (Carslaw, 1926) we gather that the integral I is differentiable 
partially w.r.t. each of the a-parameters; the precise formula is 


pe 
oF e f D (VUjdt, pain... n). 
i d Oa, 
Palpably, this result is susceptible to generalisation in the following form :— 


AI = F A(VUj.dt, 
D d a 
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where A stands for the mixed differential operator: 
` gut A 
Du Du... Div | | 
In other words, Proposition A of $1 holds in toto, when the integrand V is multiplied 
by the '' almost continuous ’' function U, vis. 


Us mb at (B > 9). 


By parallel reasoning one can easily satisfy oneself that Proposition A of $1 
remains valid just as before, when the mtegrand V is multiplied by any one oi the 
following functions, viz. 


- et) d 
t8 D t8 J (8 > 2) 
and i . 
(s COP fet) YO) (log t) 
` SEET 3 (A > 0, a> 0, v > 0, B> 1). 

By arbitrary feats of intellectual gymnastics, the reader can easily conceive of any 
number of other admissible functional forms of U, for which the infimte integral I, viz., 
(8), represents a continuous and differentiable function of the parameters (a,, 85, . . an) 
and admits of indefinite differentiation under the sign of integration w.r.t. those 
parameters. ` 


5. We shall now conclude this paper with a cryptic reference to some of the more 
common varieties of infinite integrals (involving real positive parameters) which occur 
frequently in certain branches (Ramsay, 1940; Lamb, 1906) of Applied Mathematics. 
For the sake of clearness the references are given in a tabular form :— ` 


Infinite Integrals | Remarks ~ 





(i) I, = (const) f . I, = the potential of a thin homogeneous 
bm Qi SÉ (c+ ` homoeoid I‘ at a point P, which 1s 
V ) | 
(Here n = 8, a, = a, = a, =f) interior or exterior to I’, according as 


the lower limit d is equal to 0 or the 
parameter A of the confocal ellipsoid 
that goes through P.  Evidently-I,; is 
; continuous and differentiable indefi- 
nitely w.r.t. the parameters a, b, c and 
the process of differentiation under the 
. sign of integration is valid l 
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Infinite Intégrals ER M tbe ' Remarks l z 
D — = = E POEM bá mM m b: ra ———— Ta CERE TUN 
p = 1 3 : EET 


(ii) L= tp(D — Aa — By?—Ca2*), where 
. 8 = diiottibtDtett, 


f 
tpD = (const) | — 
S S 


I, = the potential of a solid homogeneous 
ellipsoid D at a point P (z, y, 2), which 
is interior or exterior to L’, according as 
the lower limit is-O or the parameter A 
of the confocal ellipsoid that goes 
through T. Asin (i), Ij is continuous 
and differentiable w.r.t. each of the 

7 parameters (a, b, c) and differentiation 
under the integral D ig valid. 


- oa 






(n e GE he ss Zs — t) 


f? di 
4 = (onst Ges 
(n = 8, a, = 8, % =a, = $), 


with similar values of B, C. 


hi 


I, = the -component of the attraction ofa ` 
solid homogeneous ellipsoid at an exter- 
nal point, the parameter of whose con- 
focal is A; 

=the velocity-potential of the (irrota- 
tional) motion of a liquid, originated by 
the motion of translation of a solid 
homogeneous ellipsoid, moving parallel 
to the x-axis (through the liquid). ` 

In either case, I, is a continuous and differ- 

entiable function of (a, b, c) and differentia- 

tion under the sign of integration is 

permissible. i 


(itt) I, = (const) xæ 


(n = 8, a, = §, Q4, es Geh, d=A). 


I,=the velocity potential of the (irrota- 
tional) motion of a liquid, produced by 
the motion of a solid homogeneous 
ellipsoid, rotating round its z-axis. As 

- in (i), Gi), (iu), differentiation under the 
sign of integration in (v) is valid. 


: 8 P dt 
(iv) I, = conste Ted 


(n = 8, a, =f, ta = 4, = 9; d = Al 


Aen 


"Ze 


I, = the square of the angular velocity with 
which an ellipsoidal. mass of homo- 
geneous liquid must rotaté round ils 
z-axis so as to maintain relative óquili: ; 
brium, provided thal a certein special . 
relation holds amongst the squares of its ` 

- three semi-axes a,- b, C. As in the» 
previous cases, I, js d. continuous - z 
and differentiable function of (a, b, ei .. 
and differentiation under .the integral 
sign is legitimate Part 


(o): feet IR m CETTE. ns 
(n= 8, == fh, a, = d, f(t) = t) 
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N.B.—lIt is scarcely necessary to add that no two of the parameters a, b, c, appear- 
ing in the several infinite integrals, are equal. A 
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PARALLEL DISPLACEMENT AND SCALAR PRODUCT 
OF VECTORS—IIl 


Bv 
R. N Sex 


(Recetved July 4, 1949) 


- 1. This is a continuation of a previous paper (Sen, 1949) in which an attempt was 

made to study the fundamentals of an arbitrary parallel displacement of vectors defined by 

dV Th Vedat = 0 (1.1) 

in a Riemannian space with the main metric tensor gss and to establish connections 

between these displacements and the Levi-Civita parallelism. In the paper referred to | 

we introduced what we called the conjugate and the associate of (1.1) obtamed by 
replacing Dha by 

I5,- T$ and Dog = Dog t ën 


respectively, where the notation comma followed by an index denotes the covariant 
derivative with respect to (1.1). The associate of the associate of (1.1) 1s (1,1), and for 
displacements corresponding to I, and Lig, we have 


RIT, Li) = Ab, where Als = AU Set Lipa). 


Obyiously, the same Lhing is true of the conjugate. It was seen that if 1 = v were 
the co-efficients of a symmetric affine connection and then d an ordinary. bracket followed 
by an index denoted the covariant derivative with respect to (1.1), the notion of the 
conjugate and the associate led to the succession of parallelism with the following affine 
connections : 


Noa = LA + 3g! (gps e (gpi)q— (Igi) (1.2) 

As = d A + Age (1.8) 
l 

Npa xà d pol" 19" (850 (9a)» (1.4) 


wheie, using the notation I to represent always ihe conjugate of the associate (bar 
followed by dash) of Dho 


E = = e l 
Vie = &( Via Maa Opa = EA tA) and dér 
is the Christoffel symbol. Whence followed 


d. j E Ve El Ave E 20, E 0. (1.5) 
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It was also seen that the covariant derivatives of gpg with respect to the parallel displace- 
ments corrésponding to (1.8) and (1.4) were respectively 


—H(Gpeat (go)p] and $(9p¢)e—H(Got)q + (all (1-6) 


and that some geometrical interpretations involving changes in the scalar product of vectors 
were derived from these derivatives. 

Now (1.5) expresses the Christoffel symbol in terms of other symmetric affine 
connections. In this paper we propose io study the nature and relations of curvature 
tensors formed with these and other affine connections that would necessarily arise. D 
18 shown that the curvature tensor formed with the Christoffel symbol can be expressed 
inearly, in various ways, in terms of other curvature tensors. 

2. Werequire the following two formule. If I5, and Lj, are arbitrary affine 
connections and 

Daa — Lng = T Epa + Lpa) SS Au 


, 1 t l 
and if e? Lat, Ai are the corresponding curvature tensors, then 


Lig i Vin Me Tod ER Tx) jie T, TA my TT, 2d (dies dd Ti) (2-1) 
Ak HTa + Lin) = Aaf, 91 ——— (2.2) 


Now let Kin, V Ahı and Qi, be the curvature tensors formed with the Christoffel 
symbol and (1.2), (1.8), (1,4) respectively. Without going into the laborious details of 
working out, we merely state the following relations which are obtained from (1.2), (1.8), 
(1.4) by the application of (2.1) and the-use of (1.6) 


Bin - Vin = 39" [ign (gu)p (gja) si (ct — TAS e (gradat 
T grga [i(g itn NT (g in) z (Jon)s} {(g kalm T Lët le ges (Jem) r} 
; SC? igtln ES GËT (Gin)s$ (ga) us (Jim's = (Jam's | (2:8) 
i J 
Kin 7 Aut T of! Lo, = (Gat) ay | 1 1g!'g"?[ (gd (gx S (Jims = GËT 
ES i912); + (955 H Gi) SS (Jazdnt(Gya)an y GÉIE = Dec) e i(gin)k + (Qn) Ijne] (2.4) 
Kik = he T irm 1g" (Gre) st F (Gasht mi (gis); z (rel | . 
i ' KR Aortomn! (gy) (Gira) T (Oni) xl = GE + (aig) {(ue)m SES (tan le keng (Jan)xt 
SS (Guduilgos)m T (g ain m: F {g inde t (g Inl Ale = (Jim) s ES (g am) st | l 
zs agg" ^| Io, le + (Gin)s} 4(gks)n T (ës) gp (Gunde T (Q5) i (935) T (Jam) | . (2.5) 


Therefore, from (3,8), (2-4), (2.5) we obtain the following relation corresponding to (1 ai: 


2E, t Vir- Abe 205 = 399" (gis)nf(Gaaln + (Gan)et + Manly + (Gyn)s}(Gamn)s 
—(g ll (35) m +g m) — {Ganda + (g kn] (95m)«] 
—9"9g"" DÉI ing + (Iin Alt alen + (9 ml — CAM + (Jin) (955) + (Fam), ] (2.6) 
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Also, besides the affine connections (1.2), (1.8), (1.4), we require the following.ones : 


, ^ = dV Ad = ly c. ege" ell (2.7 
` bp = 4 Apa + Dal = UL, 1g" (Gpgh — $9" (goa (9909) (2.8) 
Ppa = ACV ng + ep) = L AU 8e" (gp)e äech: 29) 
SÉ I l u 
Ypa = Allan + wpa) = MEET {(Ypa)e— (pt) — (Gat)n} (2.10) 
un See 0, [fl tt | it S 
nq = Alëng t Ppa) = MIT (Ipae — $9" (950a + (all (2.11) 


Let Bt du Prts du, at be the curvature tensors formed with (2.7) to (2.11).. Then, 
since l 
pa Opa = 38" (9p. — (994 — (Gao; 


Apa V pg = 49'4(Got)qt (Gap wag = Apa Pa 3g" (goo); 
we have by (2.2) | 
win — (Vik + Abe) = vag" Lan + (Jin) (Ge + (Jemi 
— ës) + (Gendt (gr) m (Jem) — (2.12) 
i du — HO} + wnk) F vag" 9" | (ge kl Gen le Sc (gala (Gjm)s] ` ` (2.18) 
Xk = SCH F "el = aag“ Hgy) — (Jiny — (Jinli (tg km)s — (gxe)m — (g elt 
—i(gu)a — (Gin)s — Të Isms — (94s)m— (Gam)sh]. (2-14) 
The expression within the square bracket on the right-hand side of (2.14) 
= — [ (ay) ni (Jrs)m + (g pali + {(g - KS (sall (Jum) — (g u)a(Qbn)s 
ds (Git) al (Gse)m +(g ans} — if Jina T Lü te Jane T (J)a Ujma] ` 
Ka Higin) T (9324 (Ikem T GË, P dP + (Jin) dE (g welt? 
Therefore, using (2.12), (2.18), (2.14) in (2.6) we geb | 
92K, + Vi Air- 201 = Wome — (Vict AB) +4 on Ar wall 160i ~ M8 + en). 
Hence finally we have the follawing result "e ES 
Kat Vine 485i — Apar Dia Bx, = 0. _ (2.18) 


In this formula Ki); has been expressed in terms of Vin and. four other curvature tonsors. 
All these five curvature tensors are ultimately derived from V with which we have 
started. | | 


FIG S R. N. SEN 


If, however, we start with both Ypy and E instead of V! tonl) and put 


pq* 
d [ l 
£1 = (Ls Va). "lw S (Lu BL) i "em (Lo d, 
then since ! ; 
£n. GR $E F Vini) = 4b T A1 + gy) | 


(2.16) 
Hot — (Kin + AAA = vier MO Fon) 4-8 FO) wat — ACV ge + Ank) | 


we obtain ihe formula 
drei => Vi T Ain Se 205 + 4E = dei zi Sai = 0. (2.17) 


| 8. We may also express Ky, involving curvature tensors formed with respect Lo the 
associates and the conjugates. For this purpose we have to modify the procedure of the 
last article as follows: 


By (2.1) we have 
Va-Mm = —9"[(9i)— Gude] 


G'he- Ain = —9* [idi (Grades | + 9*9"" [ (gsx) Yrm (Gamat — (Yan) (Gye) Jamk] 


Vi —-AÀ(Vig t+ Vi) = 29” (9.7 + (gjela — (918) a9 — (gx)] 
— 49% g""™ Ti ell ks) — Deal — (endif (95s) in — (am) (8.1) 
In the same way 
Ak ACA + Ali) = — bo HAUG + Grads (9) a] —{2(geadag + (goi + Ordo] 
— Fg gr Lola (Ga) m — 2(9 oa — 8 (Gamat — (gsx) nf (G4e)m — Hä zl — 8(9 $35] 
+ (Gin) t2(Gre) mn + (gam) s — Lem) — (gel Hoen + (Ijma — (Jam) 


T (9) d (gk) m + (Jim) (Gin) d (Us) m Ss (94m) ab | (3-2) 
Also, by (2.2) we have 


Ain Vint VU) = AOE, CAT A!) 
= ig"g CH (Dia in)j T (Jindi geme — (g Laid o dAn = (g Kall dÉ andj we (g ahas] (8. 3) 
Therefore, from (2.4), (8.1), (8.2) we have 


2K + Vin —-4( Vii + Vin) — (Aint Ab) 
= AK Bee Aw + {Vin = AV} gi + Vn) SE GA? (Ain + Anl 


= tg%g™™ [ (guy olg ka) mt (Jim) " 2 (Giz)nl(Gss)an T Lo ell 
SS (Jin) grms + (Gemk m Hoss EU (gnidl(ggm)s T (Jam)y = Zosen 
+ (Gandy Lal t (Gish — 2(g all — (Jen) (9jin)e + (Q5). — 2(g ang} (3 4) 
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Again, besides the affine connections 


Ee SS éi + 4g" (gps) (Ypa — (Fatol 
Vis FS bal + bg" lpo = (Ipe) + Cf, 
=i 1 

An = Joel M oo 


z l 
Aa SS d Eer 


we require the following ones: 


ana = Mile + Va) = {oat eller Dal 
Bl = d aly _ fl u 
pa = AV pg + V'i = Lal + Auger — pila 
WT — xi y _ f? u u 
Ypa = (Vp + Apg) = MEET Kapale + (plat — 59 (Jot) 


" = l 
Sng = KV, + Alp) = d ME Deel — 19" (9o), 
and also T = 4 (os, + Boa) and Vg as given by (2.7) and (2.10). Since 
Nos = Vos ES bo" (gp) o. ivo — Abs = Foil Ipae + (Gpedat, 


Fha- Vig SCH ig" (gap. Vp — A's Se? BOT (Ingle + Läsche, 
by the application (2.2) it follows from (8.9) to (8.12) that 


obt — A( Vint Vu) = dagg” (gin) ënn — (inde ems] 


Bi. zs 4( Vin i Vin) = dug" g" Lge) (Gite) — (Jin) ilgyje] 
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(8.18) 


(8.14) 


Yia Viet Aba) = Tagg Doc, + (Ginem) + (Genit -igant idit gaaat (elt 


(8.15) 


Sik — (VW bn T Alyx) = 159" 9" [Hgin + (9zm)sh{(Garn)s + (Jus) mnt —{(Ja)n + (Jen) st {(Gjm)s + (955) nt | . 


Therefore using (8.18) to (8.16) and (2.18), (B.8) in (8.4) we get 
2Kjj. + Vik (Fin + Va) E (Aint A! dä 


= yu — Vint Aud] +4 {8a —HV in + Aal - 7l - 461 + Val 


(8.16) 


-8(85. AV + MIO 8105 — Ad A3)) — 81/5 ~ Moli + ah. 
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Hence flnallly we obtain the following result : 
AK in — 6V 4 BIM t Vg) B( + Bal — wnk 


FACIL + AA) - 1201 — 4(y5 A Bali D — 0. (8.17) 


As in the case of (2.15), the formula (8.17) expresses Kj; in terms of curvature tensors all 
of which are ultimately derivable from tne arbitrary Ypg with which we havo started. 


And a result corresponding to (2.17) can in this cage also be obtained if we start with 


both Viy and M insteud of SZ only. 


i 
4. The tensor gw Ki = Kays is known to possess the following properties: = ; 
Kiet Key = 0, Kept Kae = 9, Kay Rate, Kat Kynt Kay = 0 (4.1) 


From the nature of the tensors that we have obtamed so far, we note that the following 
are some of the tensors which possess all the properties (4.1) 


G) 9g" [gun ët — (gu)n(g;s).] | 
(iy g^ [1(g:); + (Jinli {(Gem)s + Land — ioa (gg) d i(Gym)e + Gemlst] 
(ii) — g^ [unl (gm) at Ian Magis + (gon) (Ges) m 
| — ld Gd gin (Gad (G5 
(iv) g""[(ga)ul(gzs)m — (Gam)e~ (gov) + Agir) — (Gandy — (Gamh lran d 
— (guwl(gs5)m — (9s)s— (Gsm)53 — {(Gat)n — (inde — (912) (95))m.]. 


Obviously, linear combinations of these tensors are tensors of the same kind. One such 
tensor i8 


P gijk 7 igi» (och SCH (g indy x» (dmh? f (g ka) m (g bade ad (y snet 
e (CO? E (Jindi = (oral) {(Gys)an m (Jim) = (9)51] 


which occurs in the second paii of the right-hand side of (2.8). This tensor may be split 
up into two parts 


V 


B sk = $g' d: HEI gek (9n) ES CAA (EIN SH 2(g En) d ub l(gu)n = (g mit: (g Enhas az — ADARA JE 


Cast = ig^" [gn d (g vlt Së (Yam) ig Elan = Zo $n P {(g ik)n Ss (o, alt b OAR: 1(ys)an xx 2(g inti 
such that l l 
Bij F Bist B re T Du = C uk + Ca T CUN T Ci SE 2 Pul: i (4 2) 


In this conneelion we may notice the following relation. If ihe crooked bracket 
followed by an index denotes the covariant derivative with respect to the Levi-Civita 
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parallelism, then 


+ 
guse = (ele + àg"[ (Gods — (Gin —(Gin)at | 
+ (gum) (dg) — (Gens — (Jandi) (Gui) 9m — (Gem) — (vlt, 
Therefore Xeyr, defined as follows, has the following value: 


Rist = [Gae — Egite — i ëch) E Li(gex) aly 19a —{ Cf 
= (Hale — (9 — (90) ix} — gira — (9se)us — (sde) + ommmlitoe e — Lack — (nal) 
x 1(Gus)in x (g kmis} = (EIN es (Jin)k DT (Jin) (ës ll = (gjm)sl | (4.8) 
Hence, from (2 3), (2.14), (2.16) and (4.8) we have 
2(K ag — V nge) = Zeit + Bëat — A nt V njt)l 
Or, 
KI? = BF psk T 2V nyk = 8£ siji (4.4) 


Finally, we observe that (2.8) expresses Vik in combination with displacement with 
respect to Levi-Civita parallelism. We may however express Vuk directly in terms of 
the parallelism corresponding to (1.2) as follows: We introduce orthogonal ennuple 
defined, as usual, by 


js = > Th; Thy, ph? = git Thy. 
We have F 


l T 
rhi hoj = T A Sid where I5. SS E 


is the affine connection corresponding to Hinstein’s teleparallelism. Also, by (1.2) 


phyThyto = phi? bal + 4g Ipa) = (9pt)a EN (gat) pl- 
"Therefore 


Vc Ug = —phi("hy)g. (4.5) 
As‘the curvature tensor I now vanishes, we gel from (4.5) by the application of (2. 1) 
Vig, = oh hir — Chon + (Th)s(eh4), — (Phadg(rh a + g RA h) (Th)sTR). — (4.6) 


In conclusion, i$ may be mentioned that one may continue the process by which 


A 18 constructed from Vie and D from Ava and obtain new symmetric connections, 
although it has not been necessary for our purpose to doen, From the implications of 
the results obtained so far, it is believed that the study of Riemannian geometry with 
the help of an arbitrary parailel displacement together with the notions of the associate 
and the conjugate would reveal many interesting properties. Various conditions may 
also be imposed on the parallelism: for example, the condition satisfied by the Levi- 
Civita parallelism (Levi-Civita, 1927), namely the parallelism with symmetric connection 
for which the scalar product remains invariant, or the condition imposed on the 
scalar product by Weyl (Weyl, 1921)) or a certain condition considered by the author 
(Sen, 1948). 
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A NOTE ON CONDITIONAL TESTS OF SIGNIFICANCE 
By 
H, K. NANDI 
(Communicated by P. K. Bose—Received July 4, 1949) 


4. INTRODUCTION 


Let 2,,2,,.. . p, Up Yarı- Yn be (p+n) random variables whose joint distri- 
bution involving (k+l) parameters is given by: 


plz, vw en Xy, ias s ot al Ov o wh dr, kris E" gr, ls [dy (1) 

Denoting by z, y, 6, 0' the respective vectors (z,, . . ., Sp), Wu -- 5 Vn) (05... 5 08, 
(,,, . . ., c.i) the probability density (p. d.) in (1) can be written as: : 

p = p(T, Opay jz, 8!) (2) 


where oul, 6’) stands for the conditional distribution of y for given æ; ein, 8) 1s the 
unconditional distribution of 2; and we assume further that the parameters 0, 0! separate 
out in the two distributions y, and p, as indicated in (2). Under the last condition it is 
possible to test any hypothesis regarding 6! starting with either the p. d. v or the condi- 
tional p.d. e, All the iests of significance connected with multiple regression or 
correlation or even contingency x^ are based on the conditional p. d. Obviously the 
optimum test criteria obtained from y or p, are not equivalent in general, and i6 is the 
purpose of the note to study the conditions under which an optimum test based on o, will 
retain its optimum properties also with regard to oe. i 


2; TESTS OF SIGNIFICANCE INDEPENDENT OF o 


Let us consider the most powerful critical region w, and w,, for testing the null 
hypothesis H,{@) against the alternative H,(0 based on respectively the unconditional 


p. d. p and the conditional p. d. e, In that case the following relation will hold inside 
Wy Or We, 


ply /x, H,)> ko,(y e, H. (3) 


the constant k being however chosen in different ways for the two cases. 
For w,, k, satisfies the equation 


f oHe sa . (4) 


Oy 


whereas for w,,, K, is determined by the relation. 


IDCM ZEN, 


Uo r 


3—1718P—3 
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Though we consider for convenience a simple hypothesis against a simple allernative, it 
is not difficult (o see that for composite hypotheses concerning A or for such hypotheses 
against sets of alternatives a relation similar to (8) involving only p, will be obtained in 
the cases of both unconditional or conditional probability. 


Let us suppose thal the ratio e,(y/z, H,)/e.(y/z. Ha) gives rise to n statistic T 
such that l A 
Inside wp T >A, ^. (0) 


The difference between the two lestis (0) and (7) arises out of the fact that A, does not 
involve the random variables z while A, possibiy depends on v. That these two tests 
will be equivalent independently of p, is contained in the following theorem: 


Theorem. The necessary and sufficient condition that w, = w; independently of 
Pı, Le., the distribution of x, ts that the statistic T is distributed independently of 
24, Lay e- +» Ly When the null hypothesis is true. 


To prove the sufficiency of the condition, we have from (4) and (6) 


J oH )LIde[ Tay = | HITT = « Q 


TAg 
Since T and e are E distributed, (8) wili be equal to. 
f PLNA = f rar = a (9) 
TPA, Tra. 
Again from (5) and (7) 
f dior = f oH = f mars 2 ^ 0 o 
Wo, Trg, T? Se 


From (9) and (10) it follows that A, = A, which proves that Ww, = w,,. 

To prove the necessary part of the theorem it is enough to show that in case T is 
not distributed independently of æ there exists a p, such that the conditional distribution 
of T ıs different from the unconditional distmbution of T. This is, of course, obvious, for 
if p, is taken to be unity, f.¢., z,, 24, ..., Zp are distributed independently and uniformly, 
the conditional distribution of T is, say, = 


f(T fo, 0)aT ^ al) 
while the unconditional distribution of T will be 
dT f Tiz, &^)L[de = d say mE (12) 


Hence the theorem 1s proved, 
3. Power FONCTION op THE CONDITIONAL TESTS ` 


The importance of the theorem proved in Section2 hes in the fact that when 
optimum critical regions are of the lype described above, the knowledge regarding the 


om e ZE: 
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distribution of x, i.e., p, cannot help to improve the choice of a critical region. But for 
planning an experiment we need not only a powerful test but also to know the exact 
power function of the test. The power of the test will depend in general on the distri- 
bution of the conditioning variables z even when an optimum test independent of p, exists. 

If, however, the optimum test is such that the distribution of the corresponding 
statistic is independent of y, both on the null hypothesis as well as on the alternative 
hypothesis, the test can be truly said to be completely independent of the distributian of 
the conditioning variables. Such a situation oblains in the case of tests for partial 
correlation coefficients. ‘Though the tesis for partial regression, multiple correlation, ete., 
are nnt completely independent of e, it can be shown that the power of such tests 
remains invariant within a broad class of distributions y,. We shall study in detail the 
case of multiple correlation from which other results follow without much difficulty. 

Let the conditional distribution of y for fixed 24,24, . . ., Zp be given by 


J 


plula) = — exp| ch mie, ap) | (18) 


odt 
y (2z).o 
where 


E(y|a) = m(z, ...,€y) = 3 UA 
Let us define the population multiple correlation by 


= Variation in mean values of y due to z 
Total variation of y 


BS Béis, — All — E) PL 
7 PE > B Bye — ltz e Zoe: 


(15) 
where the vector € will denote the expectation of the vector x; (oy) is the dispersion 


matrix of x of rank D; (yy Tyrs : -  €yp) is the covariance of y and (y, «). 
. To test the hypothesis H(p = 0) which is equivalent to . 
H(B, = Ba =... = Bp = 0) (16) 


we consider an independent sample of m observations (yg Lu.. o Spi, (J = 1, 2,..., n). 
Denote the best linear estimates of Ge by bie and put 


P Sy = A (zu — Z,) (yy — Ty) 4] = I, 2, e e en p "M j ae 
; p , , (17) 

; Sp = 2 (yi— ytu- 2%) i= i; 2. n5 D l 
Then 1 is noted that 
d ESQ. dr AmI- Sa (18) 


follow independently y*-distribution with p and n—p—1 d.f. when the hypothesis in (16) 
i8 irue So Fisher’s F-distribution is availed of by taking the ratio of moan squares. 
We shall, however, consider an equivalent statistic E? given by 


E? = xi [Xi + x) : (19) 
E? ie, m fact, the sample multiple-dorrelation coefficient. 
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The distribution of E* when the null hypothesis 1s true is independent ot the distri. 
bution of z's, but the power function of E? involves the distribution of z's. When we 





further assume ut Z4, . . ., Zp (o come from a non-singular p-variate normal population 
with dispersion matrix (c), this power function 1s obtained in the form i 
J KEDAR? 
where 
a UTU? gao- — py u-p-d F (= n-l p pl (20) 
nem B(p[2, bere ) SS oe ir ee e 


It will be shewn that the form (20) will i emain invariant for all distributions of x such that 


E| expl — > PAAT = fı +4 > eaëët ud (21) 


To get this result let us first of all find the conditional power function of E* for fixed ee, 
Since in E^, x,? will follow non-central x?-distribution with A = S S.488;/o?, the distri- 
bution of E* is immediately obtained as (leng, 1938) 


m x fY(n—D—3)/2 = 2 
f(x, ay = SABHA nhi Euer mh (nl p ABT) (22) 
B(p/2, (n—p—1)/2) 2 2 2 


To get the uncondilional power function of E?, we have to multiply the expression (22) 
by the joint distribution of ois and integrale the product over ie, i.e., we have to 
evaluate EÍ/(E?/z, A). Expanding the right hand side of (22), the expectation of each 
term is obtained by differentiating both sides of (21) with respect to 1/07 the required 
number of times and noting the validity of differentiation under integration on the left 
hand side of (21). This leads to the resulé in the form (20). 

The corresponding result in the case of simple regression will be that the power of 
. the test remains invariant within that class of distribution of the single conditioning 
variable x for which the mean square follows s'-distribution of the normal theory. 

So far we have considered tests of hypotheses for samples of pre-determined size. 
If we make use of the sequential probability ratio test, it 1s clear from the form of p. d. in 
(2) that the power function 18 controlled to a large extent at two points independently of 
the distribution of the conditioning variables, This is because in taking the probability 
ratio the distribution e, cancels out and the constants A and B occurring in the sequential 
test procedure are approximately independent of the random variables (Wald, 19045). 
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ON FLEXURE FUNCTIONS OF A SEMI-CIRCULAR CYLINDER 
Bv 
D. N. MITRA 
(Received June I6, 1949) 


1. In-a recent paper (Ghosh, 1947) the problem of pure flexure of an elastic 
cylinder has been reduced to the determination of four functions f,,, far fia and fe, given by 


futt EJ E (1.1) 
laca m E / setti t (1.2) 
atia = -i fat J [w(o) ajo) ae (1.8) 
dan f al Giel | (14) 


where e(t) is the function which maps conformally the cross-section of the cylinder in the 
a-plane on the unit circle m the (-plane, the origin in the z-plane eine taken at the 
centroid of the cross-section. 


These canonical flexure functions have been determined in a previous paper (Mitra. 
1948) when the cross-section is (L) an inverse of an ellipse with respect to ils centre, 
(2) two orthogonal circular arcs of equal radii, and (8) a loop of the lemniscate of 
Bernoulh. In the present paper these functions are found for the, semi-circular cross- 
geclion, . tg, d 


2. The semi-circular area bounded by the are of the circle z?-- y* — 1, y > 0 and the 
diameter y = 0(~1 < 2< 1) 1s mapped conformally on the unit circle in the't-plane by 
the transformation (Sokolnikoff, p. 181) 


E (BL) teed)” 
> (a+1)*+t(2—1)? 
or 
t+C 


where in the z-plane, the centre of the semi-circle is the origin. 


s= oft) = Leh NB ECH (2.1) 
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If the origin in the e-plane be taken at the centroid of the cross-section the trans- 
formation formula 18 


ELM ie x dq ar [A Sos JEU . 92.3) 
ET 
where 
a = 4/3. (2.8) 


With this transformation formula (2.2), the formule (1.1), (1.2), (1.8) and (1.4) 
become, l 


lutte =< 


-il — dia A tia but: 


a- 


i dE efi] ^ 


faila = gl [vmi Ze ie wielt SCH gë "ie. 
Y : . | i 


+ 2a pata Ee Jet, rie fh (2.5) 
Ti 








hit ifia = Af al forsen 





-zai foe dd de 
Y 














FeO ` di m) 
eujus) Ge 
JE xs -9 
TE ] is - yy de of Aen de » 
fia Mas = -i A penu GE el IEN w!(o)—— |. (2.7) 
v —i we ^ can“ 
Evaluating the integrals as im the previous paper and observing that o = —i 18 nota 
singularity of wie) we have, | 
A pH, Ba oan, ep oc 
o c 2 SUL- SETI og METS) 2.8 
[loon (je) E ni c(t) ] Mann (+9 log 1-t s (2 ) 
Kee ee cub apiid, 8 . 45 dU o I4p ^U E" 
Heo- ue d SE H > ae . ve . dER 
[e (ol niw(C) E EE TE +O? "en logi on : (2.9) 
I Lor de = 9zi[oft) ]*, MT (2-10) 
Y l E a 
MONA 2 à 
fear, = constant, (2-11) 
T= 


San i 


d e, b 
foc) eee = Briol), (2.12) 
diii. TS E an oe s i : : i "m 
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[sts jo de, = Sri BODL qa + ig ap yp a DOE 
T : 






































E _ (8? D —1y log Le 


ds E Her- 3. d: 
Tas = aie sta + $ ges E. 


6 Ont 3. O43 
tx -82 log Qta) ER E cud = 
12x a 








E ZEE bs i) log L3 x (2.18) 
/ fo(1/ sj ZS (2.14) 
J^ eM) o "T "RUE 

» tar lo CE , (915) 

Je ‘c)al(1/o) we 5 a SCH Gg pt lo o AES, (9.16) 

Je (1o) — = 579 (2.17) 
fiama, - V Ap e E, | 

E -+ T zn log ug +- Sri » (2.18) 

ote em ZO - i hey MES ID AED a, 

I vie? = = Qriw!(§) | (2.20) 

Y 
Substituting in (2.4), (2.5), (2.6) and (9.7), and using (2.1) and (2.8) we get 

fa = dech : A logi, VOR 

nm free reden) een res an 

hia e = Bn gs et log 7, (2.98) 
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These results can be identified with those given by Ghosh (1948). 
In conclusion I express my grateful thanks to Dr. S. Ghosh for his suggestions in 
the preparation of this paper. M ) 
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.STRESSES IN SOME. /KOLOTROPIC AND ISOTROPIC CIRCULAR 
“DISKS OF VARYING THICKNESS ROTATING ABOUT 
THE CENTRAL AXIS 


By 
A. M. SEN Gupta 


(Received June 16, 1949) 
INTRODUCTION 


The problems on the mean values of the stresses in thin rotating circular disks of 
varying thickness of isotropic material, where the thickness is a function of the distance 
1 from the centre of the disk, have been discussed by Martin (1923), Hodkinson (1993), 
Malkin (1934), Sen (1985), Bisshopp (1944) and others. Recently stresses in the case 
of cylindrically wolotropic rotating thm disks of uniform thickness have been. determined 
by Carrier (1948). A cylindrically solotropic material has been defined by the author ag 
one whose elastic constants as referred to cylindrical coordinates (7, 0, 2) are independent 
of the magnitude of r and remain invariant under the following coordinate transformations : 
A rotation about the z-axis (which coincides with the axis of the disk), a bransiation along 
the 2-axis and a reversal of the z-axis. 


In the present paper the mean radial and hoop stresses in thm rotating « eiroular 
disks of cylindrically qeolotropic material `. ere determined, where the thickness ‘2h’ 
at a distance r from the axis are given by the relations, 


h-h > (1) 

and lza e 
` h= Laf 7! exp (—Ar!-A) i (11) 
in wbich h, and A are constants and o, B two other constants whose values are given 
later on. It was thought worth-while to consider the profile of the latter type, because 


this 18 of the sumilar form though not exactly the same as that obtained for disks with 
uniform stress (§ 3), 


Finally, as the profile for isotropic disks with uniform stress and varying thickness 
is of the form e^", it appears thal this case deserves some consideration and hence this 
problem has also been discussed in this paper. It may be noted that Malkin (1934) has 
treated problems of isotropic disks with thickness varying as exp ( — Br'**) where v = +4. 


1. STATEMENT OF THE PROBLEM FOR OYLINDRICALLY AEOLOTROPIC PLATES 


Assuming that ihe stresses and displacements do not vary across the thickness 

of the plate (along the z- -axis) and that the lateral surfaces of the plates are free from 

stress, the analytical expressions of Hooke’s Law for the general aeolotropy given in 
8—1718P—8 
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Love (1920) reduce in case of cylindrical aeolotropy to the form, 


0, = 1209 t aggy 0a = 1109 t 1207, 
M NS EB M. SS; 9o 4€. C ECH 
E Yro. Lest rd; ën = OyT t agr, = 
where 6,, 65, e, are respectively the radial, tangential and longitudinal strains, Yr the 
shear strain, or, ge, T the radial, tangential and shear stresses and ay (i,j = 1, 2, . . . 6) 
the elastic constants. 
Also, since the relations between strain Se displacements are independent of the 
material, so as in the case of isotropy we have 


2 du EM. 1 dv 
IT dr ý r rdo’ (13) 
1.: 
5 ae’ Ye dr 7 T dé 


where u, v, w are respectively radial, tangential and longitudinal displacements, 
Now, noting that in case of rotating disks, from symmetry v = 0, w = constant 
and u is independent of 6, relations (1.2) reduce to . 
; 1 : i u mE . i ; l 
. em A ep e (1.8) 
' Let P and Q denote the mean radial and hoop stresses and’ 2h be the thieknéss at 
T, u thé’ mean radial displacement across the thicknéas of the disk, o, the angular ‘velocity 
and p, the mass per unit volume of the material of the disk. 
‘Since, the equilibrium or motion is independent of the type of material, so as in the 
case of isotropy the equation of er is given by (Prescott, SE GE g 


Ca 


ER E Seen (1.4) 


Now, assuming that there is the same relations between mean stresses and mean 
strains as between actual stresses and actual straims, we get, from D (1.1) 
and (1. 3), LN 


d diei -—- e ^ a 
" ] T SS dad T a4, P i (1.41) 
and " TEE 
i P Pd = rer ae d .. (1.42) 


-— 


Eliminating u d these equalions, we gel, 


Ai taa P = Zitt rof), BE; dL (1.48) 


Again, ve i from equations (1.4) and (1.43) and writing y for hrP, we get, 
1 idh oy SÉ B al T 
KE har qmm ur ee abor 


where a m an B = aas. - Box SE Bee 
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From equations (1.41) and (1.42), we have 


1 | diu =] du u x 
051054 — ah Il dr 13 T l dr 3 T d 
d d du 
Q = + | ass - -aF | Pen k, es Sek: (1.52) 
21144, — 012 l 1 r r 


j 2 
where k, — a,,/¢, k, = a,,/¢, k, = Goal, and Ges 4,055 — ds. 


Putting these values of P and Q in equation (1.4) we get 


du /1 1 dh\du B m) pro? — 
Silent dr (5*5 adis abe | vod) 


The Dee of Q from (1.4) and (1.48) gives 
1d d 

dis KE zb 3; (P) + pr ‘a? | Ta4,P = T 5 [eir 3; (hrP) + méi + nf 

which reduces to ` EE Ze b 


DEP, «(s^ x4) +] 0-8) 5 CR 


H 


+r iG INY p4 8- Bleu = 0. (1.6) 


For isotropy putting o = 1, B = —v (Poisson’s ratio) in equations (1.44), (1.53) and (1.6) 
the corresponding equations (12.120) of Prescott (1946), equation (87) of Malkin (1984) 
and of A. Stodola’ (1027) respectively are obtained. 


2. STRESSES IN ROTATING CYLINDRIOALLY AEOLOTROPIC PLATES WITH 
THIOKNESS VARYING AS T^^ 


Let 


h = hg. 


Putting h = h,r-^ in equation (1,44) and writing k for (8 — B)ph,w?, we get 


ef qut r$ y — fa Aë = — krich, (2.1) 


‘Aga particular integral of the equation (2.1) we assume 
y = Are). 
We find that the equation is satisfied if ` 
= -k . 
9—a—A(8— B) 
The complementary function is Br=+C)™ where B and C are constants of integration 
to be determined from the boundary conditions and og, 5j; (y, > na) are the roots of the 
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equation 
17 +An— (2—AB) = 0, 
Now; 





E = yn = i B veal Tons bA~1 A 2 9.91 
F i, ral ri + Cin t Ar?]. (3.91) 


zé 


From equations (1.4) and (2.21) 
Q = k ra s piw? =; | Bg,r A71 Cg,r t1 A(8 A)? ] + pr?o?. (2.22) 
0 


Ihe boundary conditions (say) P = O atr = a and r = b (a œ b), a bemg the radius of the 
disk and b that of the bore at the centre of the disk, give 


Bach 1 1 Bach TI 
B = Aa’ - PI inn "amt AI and Cs da {| mM “an +A~] 5 
where | = bja. 


Therefore, 
= pwa?(8 — B) II: y _1— Brana ( Ae e (zy 
d a—9-4-A(8—8)lNXa 1-i1»7" Va/. (EST Be (2.31) 


and Q = po*a*(B — B) Dh, CH ry, SST eye 
a—9 4 A(3.— B) 858/a/ "(=i Na 


eL 827 ital 
ay (Lye) ee» 


— ino 
For plates of uniform thickness of the same aeolotropic material, A = 0. 
Putting A = Dm (2.31) and (2.32) the results given by Carrier (1048) are E 


Again for isotropy, B — —v and a = 1. Putting these values of « and B m (2.81) and 


(2.32), the results given in equations (12.127) and (12,128) of Prescott (1946) are obtained; 
c, b and l being zero for a complete disk. 


3. ROTATING, CYLINDRICALLY AEOLOTROPIC DISK OF VARYING THICKNESS 
WITH UNIFORM STRESS 


Consider the thickness 2h of the disk to be an unknown quantity to be determined 
from the conditions for which the stresses P and Q are equal. Now putting P= Q=S 
in the equations (1.41) and (1.42) we get, 

as Gu 
where o = G ain and «4, = a,,+¢,,, whence 


SÉ = A rel ! (8.2) 
‘bg being a constant. i 
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. From (1.42) and (8.2) 


P =Q = A H Dëse). (8.3) 


Now, from (1.4) and (8.8) we get, writing p! for 1 —24/«, 


r hr- ue: EE dies 


or 
. " i dh = H Ei owznttp x 
i - - h dr r A, 
whence, . 
h = Bar” exp (— A11) (3.4) 
where B, 1s a constant, 
DR. and gi 94 pl, 


Ay = 
A,(Q 4- p!) 
For isotropic material o, = «,; hence p! = 0, gq’ = 2 and A, = s. 


Thus, in the case of isotropy equation (8.4) becomes 


h = B, oxp (-27 ") (3.5) 


which is the same as equation (12.181) of Prescott (1946). 
A. ROTATING CYLINDRICALLY AEOLOTROPIC DISK OF THICKNESS 2h GIVEN BY 
THE RELATION h = h,r exp (—Ar1). 


Let h = hor? exp(—Ar?) [cf., result (8.4)]. For simplicity take p = (1—2)/(B — 1) 
and q — 1—8 so that the equation to the profile becomes 


23 


h = hy? 7 exp (—Ari-8). (4) 
Pulling h = hy? exp (—A79) in equation (1.6), we get 
r? Ai + (8B + p—Agr4)r EEN (8 — B)r?pw? = Q. (4.1) 


The complementary function is obtained from the equation 


ne P qa Aq )r PED: (P = 0. (4.2) 
Putting ¢ = Ar? the equation "m reduces Lo 
— E P op = O0, 4.21 
Um tim OF (4.21) 
where m = 1+(p+2)/q. The solution of this well-known equation in terms of 
confluent hypergeometric function is 
P = A,M(2, m, Q+ BG ™M(8—m, 2—m, Q, (4.22) 
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where A, and B, are constants of integration and MI, am, M(3—m, 2— m, 5) stand 
respectively for the absolutely and uniformly convergent series 


2 2.0... CA 2.9.4. C eues (4.81) 


H ome i el vui LU oor ed 
tm tamti mam + iim +a) 31 


and Ram D: m)(4 — m) D 4 8 m)(4 - m)(5— m) C 


NOME 
iioc cassum BEE en = (tata)? ene 


For the aeolotiopic material of the type under consideration, taking o = 4, B — —0'5 
(Carrier, 1948), 


EE and g=1-8=3 
The equation (4) to the profile reduces to 
h = hr? exp (— Artf2) (4.4) 
and m = li, 
The equation (4.1) in terms of 0, 1s e 
Um Cm E p = — ae D (4.41) 


Putting p = 2, q = 8, m = là this equation becomes 


Ug t «(2-02 = -Heny (4.42) 


The complementary function of this equation from (4.22), (4.81) and (4.82) is 
A,M(2, X), Q+ Bge ~ Bet. | 


For the particular integral, we assume 


P = D o Tul 2 (4.51) 
We find that the equation (4.42) is satisfied if 
_ 2 pe? _ 1 pow’. 
^ $e Pim 
Crew Pe hy ngu a x 209 
27 PEL à a 
Therefore, 
t B 0 195 
P.— A,M(2, 44, 0+ BL SU fant [ates - (4,58) 


The constants A, and B, are bo be determiried from the boundary conditions. 
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Substitution of this value of P in equation (1.4) gives. T 


aw oo 09 42, 69.12 9t 
9 A [o i ipu 33 147831 


6.9.19 . . . (8n 4 8) (s- 5 n QUE se] 
JIA£17...(w-8 V anti ni” 


ot ei | oi 19 12, DO 
B (1) en pan E Trae EI (4.54) 


t -— 


GE? 
om 


Now, let 2h, and 2h; be the thickness af the rim and at the bore respectively, so ‘that 
from (4.4) 


hy _ b? exp Bo bay, 


, "he 7 d 
whence 
o 2:808 a? hy l i 
A= BB int) 7 SS 
Writing E? 
« n : NW $ e^ E 
e = U= rg "m TEEHEA Ze 
v : 3 6 15 ` 
S (Q) = (ra 
l l l E s S R 2t t e : 
19 18, 89 | 15Y Power es 
= TIL 
10 =U TE T tpe) 
and iue a ee ees "m 


7.1.99 4 I" 6.9.12 9 t 
bo — "3 aa ae ee E 
WS) —9*1r4**11:34 8 ol 1.14.17 8 81 





we eh from (4.53) and (4.54) 

P = A,MQ, M. Y+ Big, Q +4? 4. l . 0 (01) 

Q = Af Bios + AA), ` l (4.62) 

kv 3 PEE qm sua, ` 

where A? = po*[8A15, : 
From the ‘boundary conditions P —0, r= b, 

bemg a comparatively small amount) and P= 0, rest (at ES rimi) we ‘get 


at the bore, (the stross ab the hore 


-AM Bi a BGs) = 0 (4.63) 
and 
.. A Mis Bios) + AM) = =O °, (4.64) 
where , 
f. et = fd 3 LPS irab: if = [h reds , 
a Mae UNO, gs Pjr Po) = [6010-5 $605) [69] u van 


M, Se [M(2, / ‘3, C) rads Ya (5) zs [V leads V. (Ga) ES [O Trea EN ge. UD 
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From equations (4.63) and (4.64), we get 
A! = 


-—— dpt 
eect E T 


s TOT Mal |M e 
$1 wA) yi (à) Mi My (bd) 


Now, for a particular case, taking a = 18", b = 6", 2h, = 8’, 2h, = 2'5" we get from 
equation (4.6) 


(4.68) 

















à = 0°02143 
Ca = Ile = 1656", à (4.7) 
o = [oleae — 0'315. 
Also from the relations (4.65), we have 
gll = 0°0254, e, (55) = 24.19, 


and from the relation ¢  Arjf? 


Yla = —8:2304, Y(t) = —308:0974, (4.71) 
M, = 26158 ; M, = 11905. 
Therefore, from (4.60) and (4.71) 
A, = 61.22pu?, B, = BI. Boa, (4.72) 


lt may be noted that the values of stresses obtained by Malkin (1984) for a rotating 
isotropic disk of varying thickness, may be deduced from the above, by putting « = 1, 
B=-v=-3. | 
Thus, when a —1, B —-i, we nave: p:0, q— $ and m= 5, The equation 
h = hg? exp (—Ar*) of the profile reduces to 
h = h, exp (~Ar)  _ 


which is the ‘first exponential profile’ considered by Malkin (1984). 
Substitution of these values of p, q in (4.41) p 


Um E 


The complementary function of (4.8) is obtained from 





which is the same as equation (t) of Malkin (1934) and its solution from (4.22) and (4.32) 1s 


| P = 0,MQ, & Y) + D,t-*hü 99e: (4.89) 
where We 
Pn 4.3% 46.80 
l wg, 8, 9 =14 88, 
BOY aot T9307 Se gies 


and the complementary function obtained is the same as that obtained by Malkin (1984) 


equation (8). . ` 3 NL 


- 
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For the particular integral of (4.8), we assume, as in the case of.acolotropy, 


B, , C, 
e |4. ML zl 
t P 
We find the equation (4.8) is satisfied if 
_ 8B pw? —_ 1 pw’ I pw 
Aci B= gim and Cecile ee 
Therefore the particular integral is also the same as that obtained by Malkin (1984), 


D. STRESSES IN ROTATING ISOTROPIO DISKS WITH THICKNESS 
VARYING AS mòr 


In what follows we shall determine mean values of radial and hoop stresses P and Q 
in rotating disks of isotropic material of varying thickness 2h at a distance r from the 
centre, connected by the relation 

h = hy (5.1) 
h, and A being constants. 

It may be noted that the corresponding problem of bending has been considered by 
Timoshenko (1940). 

In the case of isotropic material equation (1.44) becomes 


dy (1 SIL Line " ! 
Zë Ae d de) dy \ oh ae) = et ee) 


v being Poisson’s ratio. 
We pub A’ = da?, z = ría, a being the radius of the disk, and y = e-^'*E, where 
R is a function of e only. 
Then, equation (5.1) of the profile becomes 
= hee, 
Also, equation (5.2) gives - 
SE "ET -à+ br) R=—ke (5.8) 
Ger x zo Më 
where 8 = HAT, o = 2+v and k = (8 + vjpw*u%A,. 
Tt is evident that 





k potah 
R, =— -g= n 5.41 
DAI) a om 
is a particular solution of equation (5.8). The complementary function is oblamed from, 
CR (1 )2:- ) UN. 5.49 
Sr(a) Z- (diese )R = o. (5.42) 
Putting, E - 
o 
` R= 5S Bai, 
42 


4—-1718P—8 
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the solution of (5.42) is found to be - 


óc Giel toi Gol + o)(4 4 o) 
R= B, E Bo prp 9 0(2 o) LL DO o) tal s J 
Ga" ea e DT 4 


+E, ke zs e HI SE S + o)(3 +05 +0) - ias | 
2.4.4 244 6.0.8 : 


where E, and E, are any two consianis of cei er io be determined from the 
boundary conditions. 

For a complete disk E, = O as otherwise the stress at lhe centre of the disk, x = 0 
will be infinitely great. 

Hence, the complementary function of (5 8) 1s the uniformly convergent series 


(1 +0)(8 0)... (9n — i1 o) ga] 
th [e+ 2445.6 . . . un.2n (2n +2) | = Sais, (say). oe 


Thus, the solution of equation (5.8) is 





R= Ges r+ E,o(a). e 


Hence we have, gon “R R sa Hg 
— t 


From the boundary ren P =0atr=a or x= 1 we get 


E, = 2o pha ` 
2A'[o(2)]z.; 
Therefore, " SA? w? paw" (5.71) 


DA (e c z? i 


Since, e(z) ıs uniformly convergent, it can be differentiated and on substituting this value 
of P in equation (1.4) Q is determined, Thus, 








.. 1 dy , 1 dR 2M 
pg Pte ah, dx "ah, an PEU 
= pa” w? ro] + ow a’ r g(x) (5.72) 
2A! T feas ^ Late, 
ps gia) = 14 S Qt VEL reit, Dn 1o gen, 


— 2.4 4.6.6... 2n.2n.(2n +2) 
For a particular case, taking A’ = 3, 8— 1, v = 08,0 = 23, 2 = 1 


»8,8:8.58,9:8.58.78 
8 GECKEN 5 15199... 
Pelen = 1*2) * 5717186 34.4.6,6.8 


ae eh, aw? 
1°5192 
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Also, takmg A’ = 4, 8 = 4, v = 0'3, e = 2:8, 2 —1 





h,a*,* 
D. we 06. 
j 0:6154 


In conclusion I am thankful to Dr. B. Sen for his kind help in the preparation of 
this paper 


BRNGAL ENGINEERING COLLEGE, 
SinpPUn, HOWRAH 
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SEGRE’S QUARTIC LOCUS* 
By 
SAHIB Ram MANDAN 


(Communicated by the Seoretary—Hecewed July 2, 1949) 


We first establish Pappus’ theorem in N, space of four dimensions with the help 
of cross-ratios and hence deduce the existence of a quadric-poini-cone or hyper-cone. 
Further we define a double-four of lines and thence deduce the existence of an associated 
set of five lines. Again we proceed to show that there can be drawn planes to meet all 
the five lines: | oo! such planes through a point on any one of the five lines and only two 
such planes in general from a general point not, of course, on any line of the seb. Then 
we discuss the conditions under which the latter two planes may coincide and lastly 
determine the Locus of the points through which the planes drawn to meet the lines of 
an associated set are coincident, By (2,2) correspondence, discovered in the discussion, 
this locua is found to be of the fourth order. 


{. PaPPUs THEOREM 


Given two sets of planes through a point O, each set consisting of three planes such 
that every one belonging to one sot meets every plane of the other in a line and no two 
of a set have a line in common, Let there be a fourth plane of the first set with the 
property of its members and a similar one belong to the second set; then these latter 
planes meet in a line, 


Let Oa, Ob, Oc, Od be the planes of one set and Oa’, Ob’, Oc! Od’, of the other set 
such that: — 


Oa, Ob, Oc, Od meet Oa’ in the lines OA, OB, OC, OD respectively, 
Ob’ in the lines OA, OB, OC, OD respectively, 
Oc’ in the lines OA, OB, OC, OD respectively, 
and lel Oa, Ob, Oc, meet Od’ in the lines OA’, OB’, OC’ respectively. 


Then we have to prove that Od, Od’ meet in a line OD'. Now choose OD’ in Od’ such 
that Ob’ (Oa, Ob, Oc, Od) = O (A’, B', C', D^, then OD! must lie in the prime Ob'd; 
further OD’ is seen to le in the prime Oc'd also, therefore O(A’, B’, C', D") = Ob'(Oa, 
Ob, Oc, Od) = O(A, B, C, D) = Oc'(Oa, Ob, Oc, Od). Or OD! lies in the common plane 
of the primes Ob'd, Oc'd, i.e., Od. Hence the result. 

Note. In the above proof we use the fact that the Cross-ralio of a pencil of 4 
primes is equal to the cross-ratio of the pencil of 4 lines obtained from them by a plane 
section and vice-versa. 


* Baker, H. F. Principles of Geometry, Vol. 4, Ohap. 5. 
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HYPER-OONE 


Here we define then a quadric-point cone or hyper-cone as generated by two systems 
of planes through a point, called the vertex of the cone such that planes of a system 
meet one another in the vertex only and every one belongmg to one system meets 
everyone of the other in a line, which evidently passes through the vertex. 


2. ASSOCIATED LINES 


Let a, b, c, d; a’, bi, oi, d’ be two sets of four lines each forming a double-four 
such that a’ meets b, c, d ; a meets b’, oi, di: The four primes aa’, bb’, cc’, dd! are easily 
.Seen to have a line common. Let us elle Then the (wo sets of lines a, b, c, d, e 
and a’, b/, oi, d’, e are such that the planes meeting any four lines of a set meet the 
fifth also. Buch a set of five lines is called an Associated Set. 
Let O be a point on e and consider the plane Oa! which meets the planes Ob, Oc, Od 
n lines, for a’ intersects b, c, d; Oa! also meets the plane Oa in a line, for these are planes 
in the same prime aa', O being a point on a line in it. Similarly we can prove that 
Ob’, Oc!, Od’ meet all the planes Ou, Ob, Oc, Od in lines. Hence these planes generate 
a hyper-cone with its vertex at O or there exists co! planes through O which meet the 
planes Oa, Ob, Oc, Od in lines, and therefore meet the lines a, b, c,d and also e, for O 
ig & point on it. Similarly there exist oo! planes through O that meet a’, b’, e, d', e. 
From a general point O, not on any hne of a set, we can draw generally two planes 
only which intersect all the lines of the set. 


3. QCOINOIDENT PLANES 


Let Op, Og be the two planes through a general point O meeting lines a, b, c, d, e 
and Op’, Oq’ meeling a’, bi, e, d', e, It can be shown that the pont where Op, Oq 
intersect e are the same as those of its intersection with the planes Op’, Oq'. Let us 
call these points U, T such that OU is the common line of Op, Op! and OT that 
of Oq, Og. 

Consider the section by Op of the hyper-cone with its vertex at T generated by 
planes of the type Og, Oq’. Now planes of the system Og oan be drawn through the 
points A, B, C, D where Op intersects a, b, c, d. Hence the section is the conic 
OABCD, for O is a point on the hyper-cone under consideration as well a8 on the plane 
Op. Evidently this conic cannot pass through U, unless T comes into coincidence with 
it, i.e., it happens only when Op, Og coincide in which case Op’, Og’ coincide also. Or 
let a plane Op intersect the lines a, b, c, d, e in the points A, B, C, D, U respectively 
and take a point O on the conie determined by ABCDU other than these. Let the 
other plane which we should be able to draw through O cuttmg the lines a, b, c, d, e be 
say Og intersecting e in T, then the section by Op of the hyper-cone with vertex at T 
generated by planes intersecting a,b,c,d 18 the conic OABCD as shown above bul this is 
the same as ABCDU, hence T must coincide with U, that is possible only 1f Op coincide 
with Og. 
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All that we have proved above is that; through the points of the conie delermined 
by the intersections of the lines of an associaled set with a plane meeting them we can 
draw either co' planes that ineet the lines or none except this one; conversely, all points, 
in this plane, through which the other planes meeting the lines of the set are either oe! 
or coincide with it, lie on a conic, ie, the locus of a point, in a plane intersecting the 
lines of an associated set such that either oo! planes meeting the lines pass through it or 
none except the given one, is the conic determined by ita intersections with the lines. 


A Qvartio Locus 


Let P be a point on an arbitrary hne p and let the planes through P meeting 
a, b, c, d, e cut e in E, E/; then the hyper-cones with vertices R and E! generated by 
planes intersecting a, b, c, d and a’, b', ei d^ intersect p in the pomts say Q, NI other 
than P. We may say then that to P on p correspond two points Q, Q' on it. Similarly 
to Q will correspond two points P, D Hence the pomis (P) and (Q) on an arbitrary 
line p are in (2, 2) correspondence. 

Therefore there are four points on p, the double elements of the (2, 2) correspondence 
on it, such thal the two planes drawn through each of them cutting a, b, c, d, e coincide, 
as well as those cutting a’, 6’, ei, d', ei Thus the locus of such points is a Quartic, 
whose section by a plane meeting lines of the associated act is the quartic curve consisting 
of the conic through tte intersections with the lines of the set counted twice over, i.e., 
a double conic, ` 


RamBaGH, KANPUR, 
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ON ABEL-CONVERGENT INTEGRALS AND THEIR APPLICATION 
TO MATHEMATICAL PHYSICS 


By 
P. K. GHOSH 


(Received July, 4, 1949) 
INTRODUCTION 


This paper deals with certain properties of infinite integrals which oscillate in the 
ordinary sense. The properties are analogous to those treated m the author’s previous 
papers (Ghosh, 1947, 1048, Cf. also Hardy, 1949, p. 849) With the help of these integrals 
Rutherford scattering formula has been treated by Born’s method and the result has 
been oblained without any special hypothesis unlike Wentzel (1927). The evaluation 
of a very important infinite integral used by Bethe (1930) has also been indicated. 


~ 


MATHEMATICAL THEORY 


— It is well known that if a function a(z) integrable-R tends to l as x tends to infinity, 


then f 
ps 
nd J a(t)dt 
z 
0 


also tends to the same limit l as æ tends to infimty. If a(x) diverges to infinity, bhen 


l f a(t)dt 
a 
0 


f «ta 


ü 


also diverges Lo infinity. Again, if 


Rin 


tends to l as æ tends to infinity, then 


Nin 


f &7'"a(L)dt. 
n 


also tends to l as x tends to mfinity, Moreover. 


l J e-tiza(l)dt 
T 0 


diverges to infiniby if 


l x 
] f a(tjdt 
Q 
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diverges to infinity as x tends to infinity. Thus we see that if a(x) tends to a limit 
(finite or not) 


1 ZE 
= ~tlza(t)dt 
S J e`tiza(t) 


tends to the same limit as € tends to infinity. 


Definition. If 
D — le 
S | e-tza(t)dt 


tends to a limit l as x — oo, we call this limit the Abel limit of a(z) as z — oo. We 
denote this by 
(A)-lim a(z) = I. 
£&-o 


Heample: In the ordinary sense sin e oscillates ag z — oo, but the Abel limit of 
.Bin 2 AB 2 — oo, (IS. 


@ 
(A)-lim sine = hm 1 J 7t gin t dt = 0. 
aco r0 wc o i 


In ease the function a(z) is not defined, say, from O to b, we consider another 
function A(z), such that 
A(z) = alz), «>b, 
and take the limit of 
1 f e-tleA(tydt 
"as 


(provided the limit exists) as 2 — co as the (A)-limit of a(x) as æ — oo. 
Let us now consider the integral 


Fiz) = f f(t)dt. (1) 


If (A)-lim F(a) exists as 2 —> oo, we say that the integral on the right of (1) is 
(A)-convergent and we take this limit as the value of the infinite integral. We denote 
this integral by 


GD 
(4)- | j(@)de. 
Example: Let us consider the mtegral 


$ oo 
F(x) =f sın idi = ]— cos z 
0 
In the ordinary sense F(z) oscillates as x — co, but 
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1 on 

(A)- f sin ode = 1. 
"0 2 x 

In the case of ¢ = 0, the integral takes an elegant form ` 


(A)- fi (r)dz = m 3E ten f f(s)ds es zl e-Hef(t)dt 


provided that 
t 
etf f(«)ds — 0 ag t> oo, (270). 


0 
d 
In this form or in its equivalent form, viz., 


lim f e^t (t)dt, 
ARA 


it is customary to call the integral Abel summable. We aré, however, dealing with a 
slightly more general notion and we use the word ‘convergence’ instead of ‘summable’. 

We would like to mention here that Abel convergence - of an integral does not 
necessarily imply its Cesàro convergence and vice versa, nol -to speak of convergence to 
the same limit. It is under certain restrictions that they are theesame. (Cf. Hardy, 
1049, Art. 6.8). e 


ech 
Mi 


La sa 


UNIFORM CONVERGENCE 


A Any ke 4 


Let us consider integrals contaming a parameter, Let 


Fü, a) 4 fas f A A E 
D l 0 . Ec ua 
If now F(A, a) converges uniformly in aninterval A d «B 48 À — co, we say 
that the integral 


y 


St f(t, adt ! (3) 


converges uniformly in the interval A ax Ba . S 
We now proceed to study some important. properties of (A j -convergent integrals 
containing & parameter. 


e 


CONTINUITY WITH RESPEOT TO A PARAMETER - ! 


Theorem 1. Let | 
(i) f(z, a) be continuous in the region c io zoo, A ede D: 


(i1) x E iios / f(t, ajdt, (1/A > 0) 


converge uniformly in the interval A < 15B ; | 
6—1718P—3 
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o 
Gi) (4). ts, die 
converge uniformly in A «a < B, then the last integral defines a function 


` 1 eo T 
8000 us gla) e (A) f fi, ajda 
"in 0 . | 
continuous in that interval. 


Proof. We take any point a, m the interval Axes B, As the integral is 
uniformly convergent, 


va.) = L feck f ftt, a,)dt+ Roa; 
0 C. 
and 


g(a, t h) = wf en ala! In Qs 3- h)dt + Ry-(a, +h) 
where: both By (a Ie and ECH +h) [<e when A’ > A(e), Hence 


| [pla +h) gla) | si f da. eeh I D, a 9) -f(& alte Bue e |F| Ey (29) | 
0 e 


We now keep A! fixed. Then, since, by virtue of (ii) 


1 BEE EN 
1 fae » f fe, a)dt 
0 " € 


CR continuous function of a in the interval A < a < B, it follows that 


TEEN 
Hence 
|e(a, +h) - plao) |< Bs, |] h] <8 


d 
which proves the proposition. 


INTEGRATION WITH RESPEOT TO A PARAMETER: REVERSAL OF THE.. 


zk 
ORDER OF INTEGRATION 
u 


Theorem 2. Let : ^W qr 
G) f(x, a) be continüouà in the region c < zz; coy A ege B; 

2,06) I [e f t at, ap o 
QR. mE 0 e i ` E 


converge uniformly in the interval A a x; B ; 


o ` 
Gi) (A)- f f(a, a)da 
e eMe c9 D äs = i 
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converge uniformly in the interval A ege B; 


plaj = (4)- f ite, dé 
EN 
f «e = " fein a)da 
[ (A)- IW De (A). J sl f(a, ajda. 


Proof. The function viel is TUN by Theorem 1 and therefore bt 
Because of uniform convergence 


then 


OT 


g(a) = el "uen fi ajdt + R,-(a), 
| 


hats | Ry-(a) ] <e, when A! > A(e). 


Tag i7 d JE enfin o: Doum 


We keep A fixed. The order of integration m the first intogral on: the right can be 
reversed, by virtua of (ii), so that ~ i 


IK (A)- F f(x, a)dz — JE dz. eg Kid a)da = f» '(a)da. 
Hence 
| f 'da.(A)- / "die dée 5 J desch | dt | e a)da 


for A! > A(e). Therefore 


ES (A)- [eis adore (4: ay fete See 


DIFFERENTIATION WITH ‘RESPECT TO A PARAMETER 


<¢/a,—4, 





Theorem 8. Let ` 

mn ui m ajda 

EA in the naa Agag B: AUI : 
ota) = (4): | fes, òde; ` 


(ii). fja exist; 22 te S 


we 
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(in) the function of/da = falz, a) 
be continuous in the region c e c x œ, A za Dj 


(iv) : f gu Í f(t, ajdi, (1/A>0) S 
0o S, D 


converge uniformly in the interval A ege B; 


wa Gf fle ade o. 


converge uniformly in the interval A < a< B, then the function g(a) has a dorivative, 
the derivitive is continuous and it is given by the last integral : 


Proof. Let | 
Ka) = (4)- f fale, die 


6 


Then (a) is continuous and therefore integrable. By Theorem 2, 
f y(a)da = (4)- [ dz f 9. da = (A)- t tte, a) -f(z, Ade . 
A e A 0 


= (4) [te aide — (A)- f Te Ate mE E 


Hence 
f Yoda = 919A. 
A 


From the continuity of (a), it at once follows that . dE 
yla) = dg[da. 


The three theorems established above can immediately be: generalised for any 
number of parameters. 


Let us now generalise the concept of the volume integral: 
Í f(z,, 2a, 2,)dz, de, de, 


taken over all space. We first integrate over a sphere of radius r, the centre being at a 
fixed point, so that the integral is now a function of r only viz., , g 


E - 


fre. V3, 2. Me, daz, dz, = Fir 


If now the (A)-hmit of F(r) as T — oo exists we say that the integral exists and its value is 
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ui. [fii 2u ze dde, = (A)-lim FQ). () 
TO 
We may similarly generalise the concept when the mtegrand contains parameters : 
IO Han +s + Or, Zy, Za T jda da. dz, 


taken over all space, as has been done in a previous paper (Ghosh, 1947). In every case 
there remains an arbitrariness due to the choice of.the centre of sphere of integration, 
This arbitrariness can be removed by other conditions of the probtem. 

| Me may proceed to study the equation 


Ag,(v) = — 4r exp Dron) WW ,.. G) 


as in our previous paper (Ghosh, 1947, p. 25).: Reasoning on the same lines and taking 
(A)-limit instead of (C, 1)-limit, we arrive at the solution 


se = (A). [SPIED an = Sop li]. ^ mn 


APPLICATIONS , 


For the purpose of applications we have to generalise the usual rules of Quantum 
Mechanics for the calculation of the matrix-elements of an operator A, viz., 


Amn = (4)- Idee 
mstead of e 
SS = | Ym dude : 


taken over the entire configuration space where Ym and V4 are eigenfunctions belonging 
to the m-th and n-th state respectively. 


In the solution of problems of Quantum Mechanics such integrals occur which in 
the last analysis reduce to 


f ko?” cos k,adk,, f ko sin k,adk,, 


f katt cos k,adk,, J k,?* sin k,adk, 
[Cf. Dirac (1948)]. The Abel limit of these integrals are 


(A)- f k,” cos k,adk, = 0, (A)- f. ka”? sm k adk, = 0 
0 ` 0 


(A)- f kott! cos. k,adk, = (—1)9*!(2n 4-1) 1ja?n*3, 
0 


— 


150 Sg P. K. GHOSH 


oo 


(A)- f kën sin kyadk, = (— Un. (2n) Ja, 
; i 


These calculations may be -made directly ` from. definition but the results are quickly 
obtained from (^ e 


(4)- f cos ad —-0, (A)- xf ne adk, =1/a 


by differentiating with respect to the parameter a, the operation being valid in the lighi 
of Theorem 8. ‘The concept of Abel-limit ascribes to the above integrals the same values 
as those ascribed to them by the concept of Ceshro limit (Ghosh, 1948). This agreement 
ig not accidental but 18 a consequence: df an EE pr ee (Cf. Hardy, 1949, 
Art 6.8). ; d \ "n i. "T 
Scattering by a centre of Jorce, | Born's ‘Approximation: e em mel 
Our problem :is-to0 calculate the scattering ‘of a beam of particles [exp (ika)] by a 
field V(r). We shall obtain an approximate formula. ‘ 
We have to solve the wave equation 
Ay [k*-U()]¥ = 0, (7) 
where k? = Beim KIT, U(r) = Dei dis m and where y must have the asymptotic form 


/ S oi ter). (8) 
We know that the most general bounded ` solution of the equation 
Aib A ki = din) 


d es OI = J eel Pdr (9) 


where G is the general solution of 


18 


AG -- EG = 0, 


We can at once generalise (9) in the sense of Abel convergence, vig, --- 


= SI i ` exp [ik | p-r | ; 7! i 
y= 60-1 [rey El Aen (91) 


Here we take the centre of the sphere of mlegration at the origin, and this leads to the 
prescribed asymptotic form. 
The general solution of (7) satisfies the integral equation ` 


Wi = e € PA D d 


(10) 


D 
"n 


p= 6-10) [etse UE: 


The expression on the right of (10) has to represent an outgoing wave. In order thal y 
may have the prescribed asymptotic-form (8), we must. choose `. 


G = et, 
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To obtain f(8), we require the asymptotic form of (9%) for = r: Jin bea unit vector in 
the direction of P, we have 

E RI, ~ r> (n 3) + terms of the SE Ar. 
Hence from (0) 


yw ttt pe (A)- | exp [ —ik(n m)] U (rude! ; » + (11) 
To obtain a:formula for f(0), we assume that the wave 1s not much diffracted by the 
scattering centre, so that we can replace Hr in das integral n: by the uriperturbed 
wave function 6%, 


We-then obtain from (8) and (11) 


— w o^ 


CECR exp [ik(n, =n, "ju nae gy 


where n, is the unit vector along the a- -OX18, BO thats = (di P). 
For ihe Coulomb field 





and hence ` Fk d dE. 
aum oe AM exp [ik(n, —n, v) 8z?me SC MN MEL 
uf) = — PERE (A). _ fo Dmm a; (Some een (18) 
by (0). e l 
Now |n, —n | = 2 sin $60. Therefore 
` dot 
0) = - 3: 
ji dis ht sin” 6 e 


The intensity scattered into the solid angle dw ig = e Ka? and this vos: the 
Rutherford Scattering Formula. 


Here with the help of Abel-convergence of infinite integrals we have arrivéd at the 
result smoothly. If some such idea is not brought in, the right hand side of (18) 
oscillates as the limit of integration tends to infinity. To oyercome this difficulty 
Wenizel (1927) had to use a modified field ara. © 


i 


F = - exp (—7/R) 


instead of a Coulomb field and then neglect the modification under certain physical 
assumptions, From the mathematical stand point this is equivalent to the introduction 
of a ‘convergence factor’ ' 

eh, po zU 


in the expression 
oo 


J sin qrdr 


0 
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and after. integration let p — 0. Thus er EE m 


oif mmm m alte ia. 
0 


as p-»0, and to take this as the value of ihe mtegral (Sommerfeld, 1989). This is 
artificial in ag much‘as the ‘convergence factor’ is brought in only in the last step to save 
the situation without enquiring mto the effect of de appearance and ultimate dis- 
appearance on the preceding steps. Here we have developed a theory in which the 
notion of the ‘convergence factor’ is mtroduced from the very outset and MEUM a 
special hypothesis becomes necessary afterwards. NM T. 

Another example of the appiication of our theory is furnished by Bethe’s inyestigation 
regarding the passage of fast particles through matter (Bethe, 1930). There proceeding 
by the method of variation of parameters, Bethe had-to calculate matrix-elements 
which involved integrals of the type 


exp [i(ae)] jo BS s 
Il un, Ko . 


taken over all space. This integral does not exist in the ordinary sense. Bethe 
evaluates it by an unjustifiable interchange of limit processes. In the light of our 
discussion on (A)-convergent imtegrals, together with the boundary condition and 
generalised rule for calculating the matrix-elements we are at once led to the calculation 
of integrals of the type 


(A)- J oy din = SE [i(qr)]- 


by (6) subject to certain conditions (Cf. Ghosh, 1947). 

We have great pleasure to thank Prof. N. R. Sen in whose seminar the problem 
first arose for helpful criticism. We also thank Prof. S. N. Bose for stimulating discussion 
regarding the subject matter. Finally we owe our thanks to the Government of West 
Bengal for a research grant. 
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ON THE FLEXURE PROBLEM OF A LIMACON AND SOME 
OTHER BOUNDARIES 


By 
D. N, Mirra 


(Received August 7, 1949) 


1. The object of the present paper is to derive a solution of the flexure problem of a 
beam analogous to the formal solution of Morris (1940, p. 81), when the function s = of) 
which maps the cross-section of the beam on the unit circle m the ¢-plane is a polynomial 
or a power series in &. Morris’s procedure is defective unless the mapping function is a 
polynomial, in which case it leads to the correct function-theoretic solution of the problem. 
In Morris’s paper, ¢ = + iy is introduced in 8 different sense, viz., that ihe curve 7 =0 


in the net defined by the transformation z= È as exp(nit) gives the boundary of the 
H 


cross-section. The forma! solution is then constructed with the help of two functions 
a(S) and att, But it 18 seen at once that the series for sl) and (t) cannot both converge 
in the same domain. The method of solution followed in this paper is free from this 
objection and leads automatically to a simple sufficient condition (vte,, that the radius 
of convergence of the power series for o(0) is > 1) for the formal solution to be a function- 
theoretic one. This simple condition appears to have been overlooked by Sokolnikoff 
(1946, p. 178) in his derivation of Morris's formal solution of the torsion problem from 
Muschelisvili’s formula. Higgins (1942) has applied Morris’s formula to obtain the correct 
solution cf the torsion problem for the inverse of an ellipse with respect to its centre and 
his success is due to the fact that the 1adius of convergence of the power series for of) is 
in this case > 1. i 

As typical applications of the formule derived in this paper, two boundaries are 
considered: (1) an elliptic limacon and (2) inverse of an ellipse with respect to its centre. 
The first case has been considered by Stevenson (1989, p. 126), but his result (6.2) for the 
cenire of flexure does not agree with that obtained in this paper. A scrutiny of his paper 
shews that an error (8n unnecessary factor 2) has crept into the first line of the formula 
(3.26) of his paper. This error is responsible for the inaccuracy in his final result. The 
second case has been considered by the present author by a different-method. 


2. The canonical flexure functions fı fay fia and faa are given by (Ghosh, 1947, 
p. 10), 


~ 


â TEES ] :9 7 do 
fitifa = el o) dis ; .. (2.1) 


Ge = E f volar, - (2.2) 
‘ar S See ~ o~t - 
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i t t 
ftis = -i f at f tetto a 2.8) 
y ` l 


t - A d 
facia = el at f [sai a 75, (2.4) 
Y 


where # = alt) maps conformally the area of the cross-section on the unit circle bounded 
by yin the ¢-plane. Let us suppose that w(t) can be expanded in a power series of the 
form, 


ait) = > ang” (8.5) 


If the radius of convergence E of the power series be > 1, then the series (2.5) ana the 
series 


v(1/t) = anit . (2,6) 


are absolutely and uniformly convergent in the domain 1/R<|(|<R of the C-plane. 
Therefore, multiplication of the power series, re-arrangement of terms of the product 
series and integration of the product series along y are permissible operations. We haye, 


p . 
[w(c)]? = z bno” . (2:7) 
where 
U bn = (aoln + ailn- t 8 Fanlo), (2.8) 
Also, o 
| Lies = Š buo" Ga 
and hence, - HE as "E 
teil : w(1/ j c) = $ Cpr” + > dajo” j i 
à 1 
where - " 8 
- n = Baue an ` (2.10) 
2 lati: i ; (2.11) 
Substituting in (2.1) and using Cauchy’s Residue Theorem we got at once, 
l l li + ifa = ign g : RE es See ad (2.12) 
Also we have, a i : 
woll w(ljo)]? = Ze" + Pal g” . : 3 


then (2.2) gives,. , DES We mE 
its = ape (2.18) 


Finally, E 2 X 
Le u(1/o) = Sao + Sanlo", 


ES > ei ` H e : nd 
[w(1/o)]" w'(c) = e OI E » Dns” 
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where, BS E Pb x ms up S 
Pa = PLE Gy, (2.14) 
n= S (utr m (2.18), 
Bubstitillsm in (8.8) and (8.4) we get, 
fiat ifa EI H l (2.16). 
f , 
fia tfaa = EE (2.17) 


These formule are analogous to the formule given m Morris's formal solution for the 
flexure ee 


3. The flexural moments N, and N, are given bs (Ghosh 1947, p. 12) ; 
N= da +2(1—20)J9,, N,= da l — Se. (3.1) 


- 


* 


Suis 
T, = AR SAUVO HOER [sat DM, aa 
Ja — YR J genug +HL+o)R on GROS (8.9). 
000 Jail; = Ff WOY (8.4) 
Y "E 
and the co-ordinates of the centre of flexure are given by (Ghosh, 1947, p. 7) 
e 1, ,N,—I,,N, TN ` I,,N, —I,.N, K 
"7 SC len DN Y redu. 18) E 
From (2.12), (2.18), (2.5) and (2.8) 
Jang, el Ber BB 
ES Y f S x 
Tom Ae Steed ` (8.7) 
y 
where AZ T o oe. 
kn = È Gner fe l (8.8) 
Ao, from (2.16), (2. 17), (2. 5) and g o. 
Tt Én 3) - 


y 


- | a ` 
Satini = a 2 pri 7 dei) MEE (8.10): * 
Y "e Rr ULM E 
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From (2.5), (2.7), (2.9) and (8.4), we have- 
Jia idas = cni orla, 


where 


Therefore 


Toy = ARI rhon dis ta 0) utes de) 


In = HRES riso d) 90-0) Iso. - de) 


(8.11) 


(8.12) 


(8.18) 


(3.14) 


A. Aman example, we consider the lmacon r= b—2acos0 which is mapped 


conformally on the unit circle by the formula 
g = ~a+bC—a? 
85, the coordinate of the centroid of the cross-section is, 
ge = ~—2a(a* -+ b?)/(b? +2a°). 


Transferring the origin to the centroid, the transformation formula bevono 


= bt o ab? . 
e = a tug 


In this case, 
a = ab*[(b?--2a?), a, — b, a, = —a, 


b, = q2, 6, = 2a,b, b, b'—2aa, b, = —2ab, b,-a, 


Co = a (ap 59), c, = (2a?b — 2a,ab + 2a*b -- b?), 


C, = —2a0,--b?a,—2ab?-—a*, c, = —2aba,+a7b, c, = a'a,, 


do = a?+a,b*, d, = baà—2aa,b, d, = —aai, 
ps = b(b? — 2aa, + 4a?), p, = —2a(a?-Fb?), p, = ad, 
q, = bal—4aba, qa = —2a0,, 
k, = b(a,—a), ka = ~ aly 
l, = 2a3b —4a2ab —2a*b, 1, = —2aaài- b?*a$ —8aa,b?, 


all other a's, b's, ee, d's, p's, q's, k's, Us being zero. 
Substituting the above values, the flexural functions are obtained. 
moments are found to be 
N,=0, N, = —za,a*(8-- 4c). 


(4-1) 


(4.2) 


(4.8) 


(4.4) 
(4.5) 


(4.6) 
(4.7) 
(4.8) 
(4.9) ` 
(4.10) 


(4.11) 


The flexural 


(4.12) 
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M 


The moments and products of inertia of the cross-section with respeot to the coordinate 


axes are 
= Jr(—4ab7a, + 64+ 607b?+20'), I,, = in(bi--6a?b-2a*), I,,=0. (4,18) 


Hence the coordinates of the centre of flexure are 


wb 


— a°b?(8 + 4o) 


SEENEN =”. SES 


This result does not agree with that of Stevenson (1989) whose results -are found to be 
incorrect. 

If we put b = 2a, we then get the case of a cardioid and the results agree with known 
ones. 

5. Asa second example, we consider the cross-section in the form of an inverse of 
an ellipse with respect to its centre. The mapping function 18 in by (Sokolnikoff, p. 184) 


8$ = wlt) = = $a ; (a2 10 (5.1) 


a? + wep 
where 

a, = 0 for n= 0,2,4,6,... and dy = (—1)#-UK/a"t! for n = 1,3,5,... (5.2) 
and the centroid is taken as the origin. The radius of convergence of the series (5.1) e 
obviously > 1. 


From (2.8), 
bn = (1) nh? /Qa"**) for n = 0, 2,4,6,..., b, = 0 for n = 1,8,5,... (5.3) 
From (2.10), 
a-p Ki ntr 1 
Cy = (— 1) D agi d qu AH EE for n = 1,8,5,..., Ca =O for n =0,2,4,6,,.. (5.4) 
From (2.11), 
kä 
= (7 Di E] for n = 1,8, 5,..., d, = 0 for n = 0,2,4,6,... (5.5) 


From m j 


= (—1)* > (2r — 1)(n + 2r)/a** 





"a ^t 


for n = 0,2,4,6,..., Pn =O for n=1,8,5,... (5.0) 


A 


From (2.15), 3 


n — 0 1 & r(2r4 1) 
an = (- | Lt A a‘? | 


for n = 0,2,4,6,..., Qa. = D for n=1,8,5,.,. (5.7) 


fa 
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- Substituting the above values in (2.12), (2.18), (2.16), (2.17) we get the values of 
canonical flexure functions in a series form. Their values in closed form can be obtained 
by summing the series by suitable rearrangement of its terms and will be found to agree 
with the results obtained in a previous paper (Mitra, 1948). l 


In conclusion, I express my gratefulness to Dr, S. Ghosh for his helpful suggestions 
in the preparation of this paper. 
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A NOTE ON THE EXPRESSION FOR THE SAMPLE ESTIMATE 
OF THE COEFFICIENT OF PARTIAL CORRELATION |. ^ 
J | l Br ` m 


oS ^ ' "Guponag SINHA 


~ - 
D 


- + (Recewed June 16, 1949) 


- This note claims nothing new but merely presents old results in a form which would 
be more suitable for the direct calculation of the coefficient of partial correlation drawn 
from a multivariate population. 

Let the sample of size n drawn from a population with k variates z,,2,,.: ZE be 
denoted by . l l 
(zi, Ea, 0.5 Ty), “(b= 1, Ban ` E (1) 
Then the sample estimate of the total correlation coefficient ro between g; and zy is 
T i = EOD. ` E 9 

v6 OW (Papa) l e) 


a 


where py 1s the product moment . 
f R "n | 1 n n 
Lus Satan e 


f š 
= p^ Xa Xy, 


(3) 


Xa being the deviation of ty from the mean of x, Lë, 
Ag = Ly Vy. 
lf Py is the minor of py in the determinant 
A = |Ipyl), 


then the sample estimate of the multiple correlation coefficient between zi and the other 
variates may be expressed in the form (Kendall, 1948) 


- = — —— J. 4 
Raa. ut... A pa P. | | (4) 
Thé partial correlation coefficient also can be elegantly expressed in terms of the 
product moments. This expression is going to be established in the present note. 
+ The partial correlation coefficient between x, and 2, when the other variates are 
kept constant may be defined as 


TILB... k = M (brasa... 4 X baa... k) © (B) 


It . . 
where bizs.. 1 is the coefficient of partial regression of z, on 25, t.6., the coefficient of x, 
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in the multiple regression equation 
z, = big Digi, Enc Dao cob ... +b... t-n Tk (6) 


and similarly ba a. . 1 18 the coefficient of partial regression of 2, on 24. 


Measuring the variates about their respective means, the regression equation (6) 


becomes 
Xi = Oyo... e Xot big. kn «++ Digg LL (i1) Xe (6^) 


The values of the coefficients in the above equation are to be estimated from the 
same sample by the principle of least squares, 1.6., by minimising 


L = uc han, AX gt biu... Xu ee buen... -1X 


The conditions that the above expression would be a minimum ore 


aL ƏL aL 


aoo E e ME en 
Obie84. .. X Obis... k "Ob ap. . (k-1) 


pel 
—_ 


These lead to the (k — 1) normal equations 
bie.ss.,.b Dag bissa... p Dac «2. +0198... Q- Poe = Pa, 
bioes.. epea + Dipa a Dea eF + bika... (1-1 Poh = Pan, 


(7) 


bi2.84... A Pra tbis... k prat oes + biks.. (k—1) Pha = Phi- 
Solution of the above linear equations for the b's by the method of determmants gives 


Pa: Diss SE a 





(8) 


Disi. E ox 


Po Das, + Pak PC 
Dan Pss... Pak 


Pra Pis. .Dkk 
Similarly by using the principle of least squares in the regression equation of Ga on the 
others, we get 


Disi Qus fo T , : (9) 


Hence, substituting (8) and (9) in (5), we get 


P 


ER 12 
ee renk VIE, Pn) (10) 
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This is the expression that we seek to establish. The expression is analogous to the 
expression (8) for the total correlation coefficient,—only that the p's in (8) are replaced by 
their minors P's. The utility of the expression (10) lies in this fact, as well as in that this 
gives the direct expression for the coefficient of partial correlation between two variates in 
a population with several variates, and the numerical calculation of the coefficient for a 
sample is somewhat simplified than by using the formula 


T124...3 ^ ALT ..37294...j (11) 


M284...5 = 
mox AU EES ET Fane cc, Nt 


by stages. 
Of course the expressions (4) and (10) for the coefficients of multiple and partial 
correlation might also be given in terms of the correlation matrix 


A = |lryll (12) 


instead of the product moment matrix A =||p,y||. The expressions would be 


am ts dp ->) ' (4/) 


and dis 
Tun... Ek J (a, Aaa) , (10/) 


where Aj i8 the minor of ry in A. 


t9 


The expressions (4) and (4/) are easily deducible from one another, as also are the 
expressions (10) and (OO) by the substitution of (2) and by remembering thet rj; = 1. 


Rives RESEAROH Instirurs, WEST BENGAL, 
ANDERSON Hogg, ALIPUR, CALOUTTA. 
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ON THE BENDING OF AN. ELASTIC PLATE-—I* +: s% 
- Bror Base ue 
m H. M. EEN . 
`" - (Received September 2, 1949) sol 


Happel (1991) determined.the deflexion of the central plane of a thin elliptic plate, 
made of isotropic elastic material, loaded at the centre, and clamped or supported at the 
edge. S. Ghosh (1924) determined the deflexion when the load is ‘placed ab a focus, the 
edge bemg clamped. Later on the author (1948) determined thé deflexion when the load 
18 placed at any point on the line joining the foci, the edge being supposed clamped. In 
the present paper the author proposes to solve the problem in jts most general form, (e. 
when the load is concentrated at any point on the upper face of the plate and the edge, 
as before, is clamped. ‘ RECON 


Let the bounding ellipse be given by the equption 


E HE oi, ‘a>b>0. - > oom 


In terms of elliptic co-ordinates introduced by the transformation 
@=2+iy = ccosh(€+in), o0 
€ = * (x > 0) represents the bounding ellipse if oe 
a@=ccoshe and b = csinha. ` i 


Let the load be placed at the point whose elliptic co-ordinates are (y, 8) where 
Osy<e. The Cartesian co-ordinates of the loaded point are TEER 


v, = € cosh y cos 6, 
SC un Au = osthbysiné. . kr Cen Oey 
: Now, let (z, y) denote the Cartesian co-ordinates of any point on the mid-plane and 
ii = (e-e) oye o e TU 


Further, let us assume for the deflexion the expression given by. =| 


= —Wrüogr—iàj8rzD-c-w' ee (1) 


t 





* The results of this paper were found more than three years ago. But the Anthor Was 80 long unable to 
establish the convergence ‘of the series’ defining -the deflexion.: At the Suggestion of Dr. A. C. Stevenson he 
again took up the problem and succeeded in occ io nen of the. series ang in LEE other 
allied topics S ` S =~ 


164 H. M. SENGUPTA 


where t! is some suitable continuous function of (x, y) biharmonic throughout the plate 
yielding continuous partial derivatives of at least the fourth order. 


We may verify that, for é 2» y (Cf. Mathieu, 1869), 


ee 


r'(log r— 4) = Zei P dito Cos ny + Q«(£) sin nn} (2) 


sn 
where 
PẸ) = ELE) + Lov exp(28) + LY? + Lo” exp( — 2€) 


PB = £L (E) - L4? expl) + L® exp(—)+L@ exp( 80 
Org = EM E) M? exp(£) A MY exp( — £) + MII exp( —8£) 
P E) = EL, + LÉI Li exp(—2E) + LP eent - 4£) 


Q,(€) = Mg? + MY exp( — 20) + MYP exp( — 4£), 
and for n >8 


P4(£) = LY? expí - (n -2)8] + LP expf —n£] + Lo exp — (n + 2)£] 
GA) = MY expl - (n - 9)£] + M® exp( —n£] 1 MY expf — (n 2)£] 


where 
L,(&) = 2(cosh 2£ + cosh 2y + cos 28) 
L (£) = —8 cosh £ cosh y cos 8 
M,(€) = —8sinh £ sinh y sin 8 
" Lf) =2 
LP = logio-i 
LP = (2 log 40 + 1)(cosh 2y + cos 28) 
Li? = log Ae zët cosh 2y cos 28 
LSP = —4 log $c.cosh y cos 8 
LY? = —4(1+log $0) cosh y cos 8— (cosh By cos §+ cosh y cos 38) 
LIS = $ cosh 8y cos 88—cosh y cos 8 
MSP = —4 log &c.sinh y sin 6 
MX? = 4(1+ log 4c) sinh y sin 8— (sinh 8y sin 5+ sinh y sn 26) 
2 M9) = $ sinh 8y sin 86 — sinh y sin 8 


Lg = (1+2 log 4c) - cosh 2y cos 28 
Li = —4(cosh 4y cos 28 + cosh 2y cos 48) + (cosh 2y + cos 28) 
LY = $ cosh 4y cos 45— $ cosh 2y cos 28 


ON THE BENDING OF AN ELASTIC PLATE—4 . 165 


Mg? = sinh 2y sin 28 


(1 

Ze 
MY  —$(sinh 4y em 2+ smh 2y sin 48) 
M? = 4 sinh 4y sin 46— $ sinh 2y sin 28 


LW = —* cosh ny cos nd — 


nin-ij cosh(n —2)y cos(n —2)8 


ECH 
(n —1) (n —2) 








LG - xD (cosh(n + 2)y eos n8+ cosh ny cos (n + 2)6] 
T——— TD j {cosh ny eos(n — 2)8 + cosh (n — 2), cos nê} 
2 2 
LG = Se 
Á (n1 13) cosh(n + 2)y cos(n + 2)8 ary cosh ny cos nd 
MPY = DK sinh ny gi Wee sinh(» —2)y sin(n —2)8 
n(n — 1) (n —1)(n—2) 
I : 
(9).— _. MES ] 
M& nn] x d néi sinh ny gin(n + 2)8} 
HET j ——— {sinh ny sin(n — 2)8 + sinh(n — 2), sin nd} 
2 ; , 2 , 
MD = ec ginh(n + 2 — 
$ (11) (13) sinh(n + 2)y sin(n + 2)8 Been sinh my sin nó. 


‘Let us assume (Cf. Timpe, 1928) 
w = A +A, cosh 2£+ (A, cosh €+ A, cosh 8£) cos y+ (B; sinh -+ B, sinh BC sin y 
+ 2 [{An_, cosh(n —2)€+ A, cosh né + A, cosh(n + 2)£] cos ng 
+{By_, sinh(n —2)€+ B, smh n+ Bp sinh(n--2)£]sinng] (8) 
where A’s and B’s are suitable constants to be determined from the boundary conditions. 
It is evident that w is a formal solution of the differential equation 
vam ss D 
throughout the elliptic plate excepting the point (y, 6). Also 
f Nds = -W 
em 


A 


fa] 


is formally satisfied where N is the shearing stress and the integral is taken over a closed 
curve lying entirely within the ellipse and enclosing the point (y, ê) in its interior. 


i The bôundary conditions for the clamped edge are 
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w = wjf =0 over =a, 


These give the followmg recurrence formule for the determination of the yalues of 
the constants Á's and B's. They are 





A, sinh 2« = x p leoh 22 + cosh ae cos 28)(2 sinh 22 — me 2a) 
` i . — —&sinh 4x — DEP + LG? sinh Qa + Lg] (4) 
A, sinh 2« = ein [cosh 2e + cosh 2y + cos 26 + 2a sinb Pn exp(2«, — Lo" exp(— 2a)] 
AEN ` (5) 


28)(8z sinh Oo — cosh 2a) 





A; (sinh da +2 sinh 22) = 
s sinh 2« cosh sion sinh Aa — cosh Ba) exp(«) 
+ LB sinb Box cosh 82) exp( —«)--8L09] (8) 








"EID 


A (sinh 4a +2 sinh 2a) = 
EE dac T4 LOE HOG E EE 


"x 


B (sinh 4«—2 sinh 2«) = z L8 sinh o cosh y cos (8a “cosh Do -sinh Ba)” i. 





. *8¢ sinh " cosh o cosh.y cos 8z MIO cosh Bo —sinh 8«) exp(2) 
— MII cosh 8«-rsinh 82) ep ol -8M(?] (8) 


B (sinh 4« —2 sinh 2a) = EI sinh a sinh y sin 6(¢ cosh « — sinh a) gU 
— 4a sinh 2« sinh y sin 8— M di — MY — MP (cosh « —8 smh a) T (9) 


A, (sinh Go +8 sinh 2e) = — 44, sinh 4a Y 18 F —[ (de sinh 4a — cosh 4a) + 2L ;sinkr4a: 
m 





sex ose I EM "L8(2 sinh 4a + cosh 4a) exp(—2«) + 2L$?| (10) 


sinh 2a 





A,(sinh 6¢+38 sinh 9a) = 

— M ee ae eA , — em sj PAL Y DC 
+ LY + 2L (sinh 2a+2 cosh 2a) exp( 74] "Qn 

cosh 4a + Mg cosh 4o 4 EH daoa (= - 2a) + EU GH 


B; (sinh 6«—8 gin da) 
(12) 





B,(sinh 6a—8 smh 2a) = 





cosh do + My (2) +. MS (cosh 2a-+ 2 sinh 2a).exn(—1«)] 
| Q8) 


Ag [sinh(2n +2)a + (n +1) anh 22] = -Anal ph eda sinh 4a) 


NR + oe [Lg (n +2) s (n+ 3) = (n72) TE expl — (n — 2)e] 


"73 


+ LGt(n +2) Fr t2) n aio t 2)a]. .exp(-1 vi + Ki + aja (14) 
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—— sinh "M = sill sinh 2a+ smh (2n— Sie | 


D $T 














Eu DOCU si up 
d p! Wan 
E e 
pu ot fac Ee RER sinh na + (i$ 2). ital expia + Ziel (15) 
a E ES Ls. 
p. «(sinh(2n 2) — (71) sinh ja] ‘= : — Beal? ink Znan sink a SC 
E ME E Ree GE DÉI GE 
i EMgUf( 4-2) E i-o de MP Schi + 25a} me i dab 
+ MW i(n +2) cosh(n-r 2) n, ginh 5 xen aris (n+ SA ig 
gore Be or st VoU Rate peas 
B, [sinh (2m  2)« — (n - 1Y ginh 2«] = By:.[sinh(Qn- 2) — (n ~ y "nhu ice Jobs 
We? ; 
-agp [MS in cosh na (EI sinh na}oxp{~(n—2)ahemM Pry g 
een. anoo +MP Yn cosh ne "kt El sinh na}exp{—(n+2)a}] (17) 
Now, writing hae eee a , ; : NE 
A Ee e e Pe EE 
fa = sinh(2n + 2)a+ (n+ 1) sinh Oe 
we have ie. oe. ih ha ee ES: Us Bea ee 
Anfn = Anal nea = sip | EE 2na) oxp(2a) m e 
Nm ES n po ' 
ene Lo e) cong Ts exp(—2«)] (18) 
Putting n = 4, 6, b - CEdicsdotesdivaly in’ the béie ' an aaide. we" got 
Aoi = Asi S ei 7 5 ALP + Spp +L + | c (2m — ULER exp(42) 


— {LW exp(— 6a) + LWexp(—10«) + Lë ep 14a)+ +++ +Lbpexp{—(4m—2)ap} i 
HALD +CD BLD +. 1+ QmLQ + (510 Y TLE + OL P+.» zt (2m + ULssjexp(— 2a) 
+ (Lg? exp( — 102) + LPexp(— 14a) + LWexp(— 18a) +--+ Lexpí — (4m gell!" (19) 


t 


Similarly, wë can easily show that S fe, ae A LY 


EE I 
Mode NE 


Armes fama = daks Bn LAR, deine" 

"UA een 4a) + e 'exp( — 8a) + LVexp(— 12a) + E L Le + Gaa wt 

H8LQ SIS LO... AAR, O T df 
vir OI + BLP + — + (2n+2)L92, despt 2) 

+ LY oxpi — 8a) + LS exp(— 12a) + L®expl —16a)+ +++ + Li. ,oxp{—(4n + ell (20) 





Also writing, 


EE 


" 
di "wt o € D 


n = sph(2n + 2)a— (n +1) ginh Ze .. | JE 
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we have 





3 
Bain aen [[8MQU -5M(QQ IMP + -© + (9n —1)MM}exp(2a) 

+ {M P exp(— 69) + MGV exp( — 102) + MgPexp( — 142) + ::: +Miexp{—(4n—2)a}} 
HAMP + OMY? + BMY + ++ + nM + {OMY FIM OMP +- +(2n+ MESI 
+ {MY exp(— 10a) + MiPexp( — 142) + MiPexp( — 18a) + --- +MPexpjf—(4n+2)a}] (21) 


and 


d 4 
Bsns19ans1 = Baga- 


MY +6MP+ . +. +2nMQ2, jexp(2a) 





MA exp( — 8a) + MtPexp( —122) +--+ + ME. ,expt— dna) - 
L8MQ'-5MQ LIMP o rn DM, i 
+MP E6MIP 8M UP +... (2n 2)M Q2, 1l exp( — 2a) 
— [MP exp(— 82) + Mäiespt — 12«) + MPexp(— 162) +... Mg), vexp(— 4(--1)9]] (22) 
We may now easily show that, for n zx 8 


| LY | d cosh nyy [MP | S = 


sinh : 
~ 2) SE ¥ 








M^ cosh (n -- 2)y, T" = jy sinh (0-35 


[DS | ss ug cosh br + Yy IMD) < BCE sinh fa A 2)y. 


Since, 





LP = cosh(n —2)y cosin —2)è 


2 
(00^ n(n 1) 


we easily prove, 


BLP + 5LP TL +... +(Qn-DLY = = cosh any cos 2n8— cosh 2y cos 26, 


2 


‘Therefore 
[BLP HELP HILY +. +(Q2n—-1) LDQ |<2cosh Qny for n 2. 


Again, it is easy to shew that 
| LWexp(— 62) + LWexp(— 10a) + D&üexp( 142) - --- + Leen) (4n —2)a} | < cosh 2ny 
Tt is also easy to shew that 
|4LQ? + 6L@ ABLE + +++ AMLA | < 4 cosh{Qn+2)y for n 2&2. 


And 
[| SLY + TL + OLA + ++ + Qn+ UL] <2cosh(Qn+2)y for nz? 


and 
| L@exp(—10e) + LPexp(—14¢)+-+- +Lexp{—(4n+2)abj<4 cosh(2n + a)y. 
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From (19), it easily follows that 
| Ass fan |< K cosh(2n + 2)y, 


where n is sufficiently large, and K 1s a positive number mdependent of n. We may 
similarly shew that | 


| Aansifens, | < A’ cosh(2n +3)y, 


where n is sufficiently large, and K’ is a positive number independent of n. 


It 18 now easy to shew that 
| An| < D, exp{—n(22—~y)f, 


where n is sufficiently large and D, ig a positive number independent of n. We may 
also easily deduce that 


|4,] < D; exp{—n(2«—y)}, 


where n 18 sufficiently large and D, :8 a positive number independent of n. 
We may easily shew that 


BMD) +5MY+7MQ + «++ +(2n—1) MQ) = " sinh 2ny sin 2n8— sinh 2y sin 28, 


Therefore 
[BM -5MQ? TM QU (2n - MU] | < 2sinb 2ny. 
Also 
| MQ"exp( —62) + MQPexp(—10e)+ --- + M$Uexpí— (2n -2)«] | < sinh Any. 
We may easily shew that 
AMIS + 6M HBM + ++» +9nM@ | < 4 sinh(Qn+2)y 


and 
[5M +7M@ +9M® + ++» + (n 1M 2] < 2 sinh(2n+2)y 
and ` 
| MQ"?exp( — 10«) + MPexp( — 14a) + MiPexp( — 182) - - -- + MRexpf (4n 4 2)a] | 


< $ sinh(2n + 2)}y. 
These inequalities easily lead to the following résults 


| Bn | < D,oxp{-n(2a—y)} 
| B; | < D,exp(-n(9« —)] 


where n is sufficiently large and D, and D, are two positive numbers independent of n. 


and 


Turning back to the series (3) we split ib up into six sub-series of the type 


> An cosh(n + 2)£ cos ny. 
Since, for sufficiently large n 


| An cosh(n +2)£ cos n1] < Dj exp( -n(2« — y — EI 


where D; = D, exp(2z), and further since 2e—y—£7»0, for all é in the interval 
0<é<% so long as OS y<@, we conclude that the series 
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T Ay cosh(n Ai 2) cos ny . E SCHER 
converges absolutely throughout the interior as well as the boundary of the ellipse È = a, 
In fact, the series converges absolutely for all d and for all £ for which 0 <s Ẹ< 2a y. 
But 2à— —y>« for Oase a, This shows that the range of absolute convergence 
extends beyond the given ellipse. We can also easily shew that the series is uniformly: 
convergent in both the variables in a closed bigger ellipse which contains the SES 
ellipse with its boundary in its interior. 

The same is also true of the other five series. It idiom that the series given by 
formula (3) represents a function continuous throughout the plate including its boundary. 
The validity of the process pude for. the determination of the recurrence formule 
which gives the constants A,, A. B., B. can be demonstrated without much difficulty, 


On the other hand, starting with the fundamental transformation .. .. 9 «22: <2 


z = @+ty =o cosh(€+in) = o(cosh E éos tel inh (ging c0 
we have . ^ o 
2c*(cosh OC cos 2y +i sinh 2£ sin 2n) = I o? 


2o*(cosh 8£-cos-8y +i sinh 8¢ sin By} = (ze? — S. (Qe) ` 


2c*(cosh 4£ edd +i sinh 4£ sin dal = Del: : cQ) Sr jr 


In gener al 


2c™(cosh né cos nyti E né gin ny) = alt d'Gei"? + SËCH 3) c*(22)n7* 
Sin Baden e Es Bagger c*r(2g)n 2r 4. ik 
Bi wai X we 


rl' 


We shall BEES the uos by the symbol P4(s). On the other hand 


“elt c*(cosh 2£ + cos 29) — Sie +y’) = se 


207 {(cosh BC cos 7+cosh & cos 87) + i(sinh BC sin n+sinh £ sin 3y)} = 28P (2) 
2c*{(cosh ZC cos 25 + cosh ao cos 41) + (cin 4 sin A + sinh 2€ sin 4n)} = 28 P (2) 


And in general 


f 


2c^[ {cosh ng cos(n — Bina cotta EIER COS ny} 


B SE nc sin(n — 72)n + sinh(n — —2)€ sin ng] = Ze P si. 
It is clear, that 


EM EN cosh ns cos ny ` 


: e  BSn. Lt Ei bk 
‘ene i A t ` - oe: 
in the real part of thes geriós . 
D EN ' SL S .* W - >, " { = Ga P" E 
aoe e" T En « ud ras 


See Hiobson —Plane Trigonometry, 3rd edition, p. d08, fr E ee 4 oex S mU 
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Ag is 2a s Pala). 


. The above series has been proved to be uniformly convergent in any closed domain 
lying entirely within the ellipse E = 2a—y. Bo the sum represents an analytic funetion 
in the interior of the ellipse £ = 2%—y. Denoting it by u(z, y)+iv(a, y), we have i 


. 


o, 
u(z, y) = 2 Ar cosh n£ cos ny. 


w(x, y) being the real part of an analytic function 18 "plane harmonic within the ellipse 

€ = 9«—y, and hence throughout the mid plane of the plate Yiu e O and so certainly- 

Viu = 0, there. 
Again 


€ By sinh né sing 
is the imaginary part of the series 


# 
oo 





Pat 





véi 20" 


Denoting the sum of the above series by u’+iv’, we have 


= $B; sinh n£ sin ny. 


Evidently Viv’ = 0, throughout the interior of the ellipse = 2«—y. Bo certainly 
Viv’ =0 throughout the mid-plane of the plate. aa 


The contributions to the stress-resultant N and the stress-couples G and H due to 
these, viz., u and v’ are finite and continuous throughout the plate including the 
boundary. ‘The series 


U = A, cosh 2¢+A, cosh BÉ cos 4+ 2, 4. cosh (n — 2)£ + As cosh(n --2)£]cos ny 


18 absolutely convergent throughout the interior of the ellipse € = 2a—y. So we may 
re-arrange 16 in any way we like and write 


U = S (A, cosh(n +2)é cos ny + cosh né coa(n + 2)n}. 
nud 
Evidently 
U = Real part of SE Ee $25 An NO 


c" 
The series within the brackets is uniformly convergent m any closed domain lying 
entirely within the interior of the ellipse £ = 2« —y, It therefore represenis an analytic 
function in the above open domain. Denoting it by u'-riv", we have U = cu'--yv'. It 
is easily seen that V{U = 0 throughout the interior of the above ellipse. Similar 


2—1718P—4 
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remark applies to the geries 


V = B, sinh 8£ sin q^ Š Boss sinh(n — 2)£ + B, sinh(n + 2)£]ein ny. 
n» 


The contributions to the stress-resultant N and the stress-couples G and H due to these 


functions may easily be shewn to be finite and continuous throughout the elliptic plate 
including the boundary. 


It ıs easy to shew that 


^ 


f Nas mc 
a 


where ¢ is any closed curve lying entirely within the plate and enclosing the point (y, 9) 
in its interior, while 


[ as =o, 
T 


where I" is a closed curve lying entirely within the elliptic plate, and which does not 
contain the point (y, 8) in its interior or on 1ts boundary. 


It therefore follows that the function w defined by 


w = —Wri(log r-3)/[85D tut 


where w’ is given by (8) represents the deflexion of the central plane of an elliptic plate 
0<£<% made of isotropic elastic material, clamped at the edge carrying a load of 
weight W concentrated at any point (y, 8) on the upper face of the plate. 


KnaISHNAGAR COLLEGE, 
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ON LAPLACE TRANSFORM OF TWO VARIABLES 
By 
S. K. BosE : 


(Received August 22, 1949) 


1. In this paper I have added some more formulae to the well known Laplace 
transform of two variables. 


9. Theorem I. If 


gi(p, q) bie, y) and 9, (p, q) = hale, v) 
then 


Ian GE d hilt, dei, ai (1) 


. provided that the order of integration may be inverted, 
Proof ` Here 


p (u, v) = uv II ec (t, a)dtds (2) 
à 


and 


et, 8) = ts f f ets (u, v)dudo (3) 
: | 


. and therefore 


JÍ pilu, v)h,(u, v) a dv ze h,(u, inf f g-*t- "f, (t, s)dtda 
-ff h(t, Lf e~ sth (u, «)duds | dadi 


e J i h.t, det, s) t da a 


provided the change in the order of integration 18 permitted. 

Regarding this change we note thatthe condition for the absolute and uniform 
convergence of (2) is R(u,, n,) > O where h (t, s) = O(tm) for small t and bt, s) = O(a) 
for amall o, an additional condition, if required, h,(t, s) = Ofexp (~t), R(A;) > 0 for 
large t and h,(t, 8) = Ofexp (—2)), R(A,) > O for large s. Integral (8) will be absolutely 
and uniformly convergent if R(u,, #4) > O where h,(t, 8) = O(t^) for small t and kt, 8) 
= O(s^) for smalis, and an additional condition, if required, h,(t, al = Ofexp (— 09), 
R(A,) > 0 for large values of t and h,(t, 8) = Ofexp (—8%)}, R(A,) > 0 for large values-of s. 

We have imposed, however, hard conditions on his, t) and bg, t) for the 
justification in the change of the order of integration. ‘hese conditions may be relaxed. 
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3. Theorem II. If 
E PaP, q) E (2g) lte y), - 
where f(x, y) is not a function of n, then 


— 2d m-1PalD 8, q 0) 4 
Gu, ml, 4) = Fmi (mn) J (st) (pis)q-0 dsdt (4) 


provided Bin, oi > 0, R(m)>0, Bin, n) 20, A = 1, 2, where 
f(z, y) = O(z^) for small values of x, 
= O(y*s) for small values of y, 


and the integral converges. 


Proof: Since 


a» 
Palp: d) = Pg | J 073e- (xy) f(x, y)dady, (1) 
6 + D 


new (D, d) = PY d f 8792-9 (wy) mae, y)dady, o GO 
| TE 


ym= t fe “Heme, R(m) > 0. 
G 


Substituting mm (2), we get 
pment, a) = f | erte, n) dedy 





1 1 
: eg GA m-ig -iyimi ft 
* rs) J 68 8 Gi) i 6 (8) 


provided R(p, q4) 2 0, R(m) > 0, RQ@a—n) 220, A=1, 2 and the integral converges, 
Hence we get the required result. 

In order to justify the change of order of integration, we proceed as follows: 

(i) We find that in (8) the s-integral ıs absolutely and uniformly convergent for 
R(m)> 0 and ihe «-integral is absolutely and uniformly convergent for R(p) >0 
and Bis, n) > 0, where f(a, y) = O(z^) for small values of æ, therefore the 8-integral 
. and z-iniegral are inter-changeable. Similarly, the t-integral and y-integral are intér- 
changeable for R(g) > 0 and R(p,-—7) > 0 where f(x, y) = O(y^) for small values of y. 
i.t. (it) We may justify the change in another way, uf f(x, y) is of the form fie).fa(y).. 


"o 
Let ` 


= 


' o 
Gei = ge J P4 (xja de 


` Fp 77 DH ^ t 
ae bs - 
E 5 is oa a 0 D on D - wan 
‘a mot r Ä ds l~ d 6 sd x e m - - D " - Fe - wm + P eon, xw vw 
is * 


- 
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It 1s evident thai 6(s) is uniformly convergent in 8 => o. if R(m) => 0 and Bin, — n) 2:0, 
where f,(z) = O(x*') for small values of x. - Wie Hm xm j 
Again, consider the integral ° 


- ub ^ ^n "NT 
I =f sf eRe Mf (ajaviide | da E ieu 
5 PET 
where A is large. E / : ot ote. 
Now, for large values of a, I ‘does not exceed a “constant multiple of 
Ka 
J fam=1| [f ieri a7 jd dg- 
0 A — 
which tends to zero, if R(p) > 0, and the integral 
e PE 2 
f | ^71. leie Ai p ae - 
0 SCH 


18 convergent. 
Similarly, we can show thal t-integral and y-inlegral are inter-changeable "for 
R(q) > 0 and Bin, —n) > 0 where f,(y) = O(y™) for small values of y, 


A Theorem III. If e, gore wees 
oroa TP C o4 xr. ur 
then ; i mus TM ELE a mi 
f(log p, log q) = fj ` gEty'h(s, H ^ a un MEE LO 
“Tog p. log o p. log q T'(s -- DIE +1) D (1) 
Proof: Wè have - 
f(p, 4) = Te y. » 
On replacing p and q by log p and log q respectively, we get a 
flog p, log q) = log p. log @ f, j Sri, i)dsdt. ^ 
t * 0 à 
But we know that Sé 
x 
Cu —— gt & R(p, | 
POT per 7 E D a 


Hence, from (2), we obtain 


fog p, log 9) -- d P ` Eyh(5.0.. a qi 
logp.logq Die 1-1) 


provided the integral converges. 
56. Theorem IV. If 
f(p, a) = A, y) 
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then 
p" q 
provided the integral converges. 


Proof: We have fin, a) = h(x, ai 


(E 1) = ev ff Fal 2; —dex7]. Fal, 2; — ity*] hls, f)dedt 


() 


(2) 


ms ied) = ff Bet ne, ona. 
i pg’ 
We can easily find the operational of p? exp(—5p^*). This function may be written as 
SL | 
a n pe 
and the original is $ (_ g)nginia 
ev n län + 2)! 


Further, we can write this in the hypergeometric form 


pe? FAIR, 2; — ise? . 


Hence from (2), we obtain 


p* q 
This may be further reduced by 


rt, Uz ey TT rub 25 enu. 2; — Hy IM, idadi 
0 


qnn ? g3 
Jas a(€) = Sergio 1 Dis I) ° Fy [m+1, n+; -2 
to 
ie Sp Sab > zu J 7:4 [kaeT J40 [t D dedt, 
6. Theorem V. If 

f(p, 9y = he, y) 
ana h(p, a) = g(z, y) 
then 


|o og, ` 
Ip, q) = pq Ir, (prep ri dadt 


provided the integral ia convergent, 


Proof: We have a 
un, q) = pa f | «mh, ydedy 
0 1 


h(x, y) = xy f f e—4-¥'o(g, t)dadi 
d 


(1) 


(2) 


(3) 
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Hence 


Ip, dl = pq f l e7?77dgdy [ey J j eat, ‘)dedt 
zo d 


96, ty ` 
Hu ff (s+ PI La SE - e) 


provided the echange, of order of integration is permissible. 
Regarding the change of order of integration, (2) is absolutely and uniformly 
convergent if R(p) > 0, R(q) > 0 and R(u;) > 0, R(u;) > 0 where 


h(x, y) = O(z^) for small a, 
= O(y^) for small y, 


and integral (8) is absolutely and uniformly convergent if R(z)>0, R(y) > D and 
R(v,) > 0, Rira) > 0 where g(s, t) = O(s") for small e and ae HÐ = O(t) for small t and 
the integral (4) 18 convergent. 


T. Theorem VI. If 
op, 4) = Te, y) 
and 


V (pg). (= i d = g(e, y), 


Ss e(p*, q?) S 1«zyg(42?, 4y’). (1) 


Proof: We have d 
(Pp, q) = pa / J c v7 h(u, v)dudv 


= pq IJ g-Piu—ale y (uv). vi. 1 ae SUY (2) 


Since 1 iia 
| Vd) (=, ls g(x, y) (8) 
80, (2) takes the form 


a ff conn mnn] 


= f | g(x, y) [ f f e 7 pIu—ttog — [v —vy ET H dady (4) 
v 





on changing the order of integration. We know that 
Ü gene D. = (e [p exp [-24 (pa)] 
therefore (B), reduces to 


plp, q) = n (pq) f J g(x, y) exp [ —2ipx)* —2(qy)t]dzdy. (5) 
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Hence 


o(p?, q*) = £zzyg(12, 1y?). 


Regarding the change of order of integration in (4), we find that (2) is uniformly 
and absolutely convergent with respect to p and g, if e- PXh(u, v) and 6-%"h(u, v) are 
bounded for u 2 0 and v > 0, also for R(p) > R(p,) > 0 and Riol > R(q,) > 0. Integral 
(8) 18 uniformly and absolutely convergent with respect to u and v, if e:**g(e, y) and 
€ "V g(x, y) are bounded for z z 0 and y > 0 for R(u) > R(u,) > 0 and R(v) > Rív) > 0. 
Further, integrai (5: is convergent. l 


8. Theorem VII. (a) If 
: eo?-Mg(p, q) Oesch, y <p HI 


e"Apeëein, q) = TA. y—p), x >À, y P 


where A and u are two positive numbers and f(x, y) = O for x «0 and y «0. 
We may write 


e^P-Hg(p, q) = pq i empate) -g+ f(x, y)dedy 
5 i 


t. = paf f omms y—p)dady, 
A h i 


whence, by the hypothesis, we obtain (1). 
b) I 
0) 1j eis, q) = fe, y), 
then 
e^Pto(p, q) = f(z-F A, y +p) (2) 


where f(x, y) — 0 for Ox «AX and O<y<p and XA and u are any two positive 
numbers. 


We can write 


eptie(p, ai = pg f f 8-P-A) -90-a f(x, y)dædy 
0 


R Pq f r e-?*-99f(z +À, y+pjdady 


pa f f emm, v odd, 
o "o 


whence, we obtain (2). 
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DEVELOPMENT, OF LIQUID MOTION DUE TO AN IMPULSE 


By 
il M, Ray 


(Received August 12, 1949) 


We assume that at time t= 0, suddenly an impulse is applied in a plane to an 
infimte liquid otherwise at rest. To such a problem where no, wall is present, the 
approximations of the boundary-layer theory hold good. For motion in two-dimensions, 
we take the x-axis along the given straight line and the y-axis’ perpendicular thereto. 
The liquid being unlimited, the variation of. pressure may be neglected so that the 
pressure is taken as constant everywhere. The equations of motion then take the forms: 


Qu, du, Ou Bu 
S Be. Ty TA (1) 
and 7 
ou ` Ov 
St a —— 2 
Oz Oy 2) 


where (u, v) are the components of velocity and v the kinematic viscosity. 
Initially at the beginning of the motion, the diffusion far outweighs the convection 
i.e., the convection terms in the acceleration can be neglected compared with Ou/dt, 
The equation for the first approximation to u is 
ou _ g'u . 8 
at By (8) 
We must seek a solution of this equation such that when t — 0, u — 0 everywhere 
except on the line y = 0 where there is some impulsive disturbance and on aceount of 
the symmetry ðu/Əðy = 0 on y = 0. 
Ihe particular solution of (8) satisfying the above conditions is 


_ 24, a (4) 
(nt)t 


where u, can be taken as a function of x or is a constant. 
v is to be found from the equation of continuity, namely (2), subject to the 
condition that v = D when y = 0. From (4) and (2) it is easily found that 
" 
v =- m TI edy ] (5) 
T 
0 
where 
- y 
4 Wem 
and u, is taken as a function of g, 
4—1718P-—4 
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To find a second approximation, let us denote by vi, v! the terms that must be 
added- to - tho: first approximatjons given by 4) and (5); and to find a, it ig sufficient to 
solve the equation 


Q'u Out _ Ou ou 6 
"Sy Gb 8m By " 


whore u and v have their values as given by (4) and (5) for the first approximation. 
v. 1. Dhe equation (6) easily transforms into. : 


tæ e we wee 





Su o u! Io. du, du fe TN +f = \ ES i | 
ERE ci + 2na7"1 Td (p 
= aoe - | a N x L das ^ 18 - : e n " - Be 
o ` B l n 
JA E. a +2 w z= 18, dui 67?" + nineT" erf im) ` v SE 
where » a S 

CEET (8) 

’ = "RN " 

eri (7 ui : 6 1] : zum 


To solve the equation (7), we put 


vw su, Pg) 


then” 7 | 
JA P add. 10 as 18. 
E MCI ai 
SEH dy s pop E ert (1). SA (9) 
The solution of this equation is 
i= aes WI" qu erf @-4 Ss 07 24 erf M -2B (10) 
Gee MP "E ARE = - z SN 
where A and B are constants to be determined iom the conditions of = NEEN Se 
Thus upto second approximation we have Dd: been 7 
u 2u, eg + 2u du, [tert (m? — 2 ge-r erf (y) — Ben erf "M B]. | (11) 
p (xt) 1 da E nt- op 
Conditions to be satisfied are 
uso whey. es and ul = 0 when = 0. i ' 3) 
These give ' Lo ` . 
dë 1+A+B =, nd 'À-0 Ge E 
so that 
e A — 0 and B.=—1. (18) 
Hence from (11) with the help of (18), we get 
au, _ du : 
u = Geen SH t [iert nr - ST *' orf GER 0—2 gi (14) 
This will give u when t is not large. S01 wee 
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To determine the form’ of @,, we note that it must-be such a function of æ as will 
make u finite at the origin except when t = 0 and zéro atinfinity. If we take the 
form u, = z^ then we see that for positive values of n, u 3s negative for small values of 
£z and positive for large values; and for negative values of n, u will be infinite at the 
origin. ‘Therefore such forms will not be suitable for our purpose. A probable-form is 
u, =e, This will make u finite at the origin when t 1s not zero: ad zero ab infinity. 
With this form for u,, we have 


u= IU e — -20-2 | fort p - Sue? ert (1) — Ze -m " (15) 


This has been evaluated numerically for different values of t and of z and y and the 
result of this evaluation is given m the following tables. 











Die 


—— — TN E D E E 


0 8°8602 
1 0'4128 
2 0'0160 


0:0002 


* Practically 





` t=1 
1) y jvt Di Lag (te (u)s- 
0 0 4'4016 | 0'8580 | 0°2125 
1 2 1°8667 | 0'8491 | 0'0828 
2 4 0-0818 | 0'0128 | 0'0089 
8 6 O'0011 | 00002 | 0'0000* 


+ Practically 


From the above tables we see that the thickness of the liquid layer disturbed 19 
little higher for small values of z than for large values. But for all practical purposes 


are 
t 


GASES WITH A PRESSURE-DENSITY RELATION—IMPOSSIBILITY 
OF CONFOCAL DENSITY DISTRIBUTIONS 


By 
N. L. Guosa GE "E 


(Received August 17, 1949) 


ÍNTRODUOTION 


In two previous papers (Ghosh, 1048, 1049) we proved the impossibility of density- 
distributions in similar ellipsoids ın the case of a mass of gas, where the pressure depends 
on the density alone, rotating steadily about a fixed axis. In the present paper we 
propose to prove the same impossibility for density-distributions in -confocal ellipsoids. 
We shall prove the theorem for constant as well as for variable angular velocity and 
show that the result is true for any gravitational field whatsoever whether due to 
self-gravitation of the rotating mass alone or the same with external gravitating fields. 

The most interesting point in the proof given in this paper as well as in.the two 
previous papers, mentioned, is that no external boundary conditions has explicitly been 
made use of. The implication 1s obvious, namely, - that ellipsoidal density-stratifications 
is nowhere possible in a steadily rotating mass of fluid in which the pressure depends 
entirely on the density—such stratifications being inconsistent ` with the system’ of 
equations .involving Poisson’s equation and the equations of motion. In all previous 
proofs of this theorem the potential function for an ellipsoidal body with definite ellipsoidal 
siratifications has been utilised and the usual boundary- conditions have also been taken 
care of. The present result is thus a much more, general one than what is given by the 
theorems of-Hamy (1889), Véronnet (1912) and Dive (1980). 


The conditions of steady rotational motion with axial symmetry reduce the 
dynamical equations to l 2 


EN 
- +f 


d Ob 398p. -. ^ 
= 3 me WENN aer m — 
oh 1 Op í 
pe wm d — — D 
: Oz p Qs ` (1.2) 


where the potential @ is given by Poisson’s equation 


, S 13,3 B 
Vu = ($^ 1242. ln: Got (1.8) 
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Let us assume generally that 


"CPP ee E | |. (14) 
When 'w is constant, we have! Bot (1.1)—(1.4) EN MS LHP 
V?f(p) - Ax Gp = Qu, (1.5) 


When ‘w ia variable, we have from (1.2), (1.8) and (1.4) 


| Eileen? uo T 
We shall. now ‘show. that the assumption of confocal distribution for the density p is 
inconsistent with (1.5) or, (1.6) according as w is assumed respectively to be constant or 
variable. 

For this purpose we shall transform the equations, to elliptic DE in the 
meridian plane. 





9 S 
beu : 
P o4 8 = kyl 
j — Du 
| r= BOL — p’) +) 
80 that, ¢ = constant, are ellipses 
pi ai EET . ] ^-^ i9 z 
1+? mu T (2.2) 
and p = constant, are the hyperbolas 
(7 a. ge AE 
— Ji eue k? 8 f ee 38 
1 — 8 p iE - 1 * e - = (2 9 


both systems being confocal with foci at (+4, 0). 


In the present case, taking € = const, » = const and e (azimuth) = const, 
io be a set of orthogonal surfaces we find that the Laplace operater reduces to (Lamb, 1916) 


CEET 
ve V sppr la A oe etn - 
3 

I. Case of constant angular velocity (o = const.) Assuming, 
, ed 0 CH 
is , 


THOS = xo n" (8.9) 


we have from (1.5) 
V^: + Ae d) = ER (8.8) 
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“Mm 
+ 


Hence, from (2.4) 


LU xri alm XU = guira yO E 
or d ST A 2 pec ee t 
SE EE d dE EXO}. . . 
an ZI TM = ean. 


A 
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KEE ER 


Askisa Sa and the left band side cannot but be a function of 4 Se equation 
(8.4), involving u on the right hand side is obviously impossible SE 95 Sonety is a 


constant’ (Maclaurin’s Spheroid). 


Thus ‘‘for a compressible fluid under the law p = F(p), ott steadily in relative 
equilibrium about a fixed axis, the distribution of density ın confocals given by (2.2) 


38 Impossible’’, 
II. Case of variable angular velocity (w variable). 
Assuming (3,1) and (8.2) to hold in this case also, (1.6) becomes 
GES = ( a - ZI SEN qt "Og; 


where (dno dg 2 unl a E 


But, from (2.1), we have 


2 virt 


Ore My? +?) 
and hence, 
x P 
vr ; 
where : Se x (OQ A al 
k 


Substituting in (8.5) and simplifying we have 


e Hab pr S =U p, o RH + w= 04b 
k*(u* + 67) [s (à TU Tod (uà UP | 


SE 

A dei du HLS) co 

where DI and P" denote the first and second derivatives of P with respect to t. 
Simplified and arranged in powers of u, (8.10) reduces to 


pX,pX, aX, X, —0 





where the co-efficients X,, X,, etc. are given by 


" * 


(8.5) 


(8.6) 


(8.7) 


(B.8) 


(8.9) 


(8.10) 


(8.11) 
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X, = 4n GI WT AC 

X, = (LT UC)PI -2CP! -8X,U 
X, = (1--0)P"20 4-9CP'(1—02) -2(1 — 807)P + 8C*X, 
X, = (+P -98PI 282 Di AP +X S 


For any possible case of the type of motion assumed, equation (8.11) must hold for all 
values of ui: hence all the co-efficients X,, X,, Xs, X, must vanish simultaneously. 

But X, = 0 gives p = constant, which though ensures the vanishing of all the Ae, 
precludes any variation of the densify. Hence, in this case also, the distribution of 
density m confocal ellipsoids is not possible. 

In conclusion, I offer my grateful thanks to Prof, N. R. Sen for his unfailing 
encouragement in the preparation of this work. 


(8.12) 
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ON THE SCATTERING OF ELECTROMAGNETIC WAVES 
, . BY FREE ELECTRON—I. CLASSICAL THEORY 


R 
i 


Bv 
N. D, SENGUPTA 


(Received September 7, 1949) 


INTRODUCTION 


The main object of this paper is to study rigorously the scattering of electro- 
magnetic waves by unbounded electron, from the standpoint of Electromagnetic Theory 
of Maxwell-Lorentz. With this object in view, the motion of the electron has been 
taken to be described by Lorentz equation of motion of electron. The relativistic form of 
this equation has been solved completely. The scattering 1s then determined from the 
well-known Lienard-Wiechert potential corresponding to the velocity of the electron 
obtained from the solution of the above equation. It is lo be noted here that scattered 
radiation 18 seen to be not exactly with the same frequency as that of the incident but is 
changed by a factor which is different from unily by terms consisting of e*/m?c* and 
higher powers and of intensity of incident radiation. Further the scattered radiation is 
composed of a spectrum of frequencies, which are mtegral multiples of a basic frequency. 
The ratios of the intensity of scattered radiation to that of incident radiation are in all 
cases seen to be dependent on the incident intensity. The usual Thomson scattering is 
only the first order scattering with only first power in e*[m?c*. l 


The Lorentz-product of two four vectors A and B is denoted by (AB) and defined by 
(AB) = A,B,—(A.B) = A,B,— ABg AyBy— Aen 


where we mean by A, and A the time and space components respectively of the’ four 
vector A. 


THe MOTION or THE ELECTRON 


We take the incident radiation to-be monochromatic of frequency v and in a 
direction given by the unit vector n. The incident radiation field is described by the 
Lorentz four potential n 


Á COs amt- ED] =A cos vO 
where 


d sde DEL | 8 i (1) 


ie electric vector E and magnetic vector H are consequently given by 
4—1718P—4 


188 N. D. SENGUPTA 
7 2 (A -nA,) gin vó (2) 


He “On Raina: | (8). 


In view of the fact that we are to solve the equation of motion which 18 evidently a 
three dimensional one, it is convenient to keep the symmetry by introducing a new field 


vector 8, defined by 
HL cs A-—nA,. (4) 


This vector & on account of Lorentz condition 
(An) = 0 (5) 
is normal to the direction of mcidence n; further this vector is never zero for a non: 
vanishing field, as 
. a? = (8.8) = —(AA) (6) 
is directly proportional to the field intensity. | 
With this newly defined vector a, E and H can be written as 





= fw & sin v6, . (7) 
H = ^" n xa. sin v6. (8) 
The relativistic form of the Lorentz equation of motion for the electron 7 
d mU 1 ZEN 
Ji en = dp -Luxn] (9) 
e 0 
where U is the velocity of the electron | 
ar e 
— 10 
E (10) 
Substituting the values of E and H from (7) and (8) in (9) 
d mU 2mve 1 
a. trn = mefa lU x (n x a) [sin vô. TE (11) 
e 


Now introducing the velocity V in the unit of velocity of light c 
CH =U (12) 
and breaking up the vector product in’ (11) we get 
; | : ! 


dl, |- 2rvàÀ[a(Fn) +n Al sin vo 


. (18) 
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where for brevity we have put 


A om S uM (14) 
mc 
Before proceeding to solve the equation (13), we like to mention that without any 
loss of generality we can take the initial velocity of the electron to be zero; because if the 
initial velocity of the electron is different from zero, we can make 16 zero by effecting a 
Lorentz transformation, which keeps all our results invariant, since all our calculations are 
effected in an invariant manner. Further we can choose the origin ot the coordinate 
syslem such that 0 =0 at 6 0. Any other choice would make all our expressions 
unnecessarily involved, Our aim is to study scattering; as such only oscillatory terms 
are of interest and any arbitrary fixing of the origin will bring only additive constants in 
the solution. 
Let J be a unit vector normal to the (n-aj plane. On forming scalar product of 
both sides of the equation (18) with V, n, a and j respectively, we get 








sl - vv = Self al sin v6 "T (15) 

2 Ha = 2nvd(W.a) sin vô ^. (16) 

Ao |= Qnvia*(Pn) sin vo ~ (17) 

zl A, Su | 8) 
where use has been made of the relation 

(Calyon) = alzo! re 


The equation (18) points out that the motion is confined inthe (n-a) plane. From 
(15) and (16) we get - 
d [ 1—(Y 2] 
bad) Bein odia | E AUR 20 
dil y (Y) n 
‘The integral of (20) furnishes us with a very important relation, which as we see later 
gives us the mam clue for further integration. From (20) we have 
B. edi (21 
— VIP | ) 
since the constant of integration 1s unity. This integral corresponds to the momentum 
integral of particle dynamics and physically it states that the difference of energy and the 


component of the momentum of the electron along the direction of incidence is constant 
and is equal to the rest-energy of the electron if the electron is initially at rest. 
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We observe from (1) ` 
Hence (17) can easily be integrated, giving 


(Y.a) 
y (V V) 


Now the origmal equation (18) may be written with the help of (21), (22) and (28) in the 
following form 


= La? — Aa? cos v6. (23) 


dp Y Joal T y 
PIA = Ma, (cos v6) + nA2rv(Vn)[Aa? — Aa? cos vô ]sin v6. (24) 


This equation (24) easily admits of an mtegral, 
Mi 
—— = Aa + 2A'a?n — Aa cos v6 — A*a?n cos v0 + 3A?a?n cos 2v0. (25) 
VV) $ : t 


We see from (21) that 
1 (V.n) 


——— E í (26) 
VUT) VOV) ` 

Hence by forming scalar product of both sides of (25) with n, we have 

T irr; = 14-3A*2? — Ata (còs v0 — d cos 2v6) (27) 


Equations (25) and (27) give the velocity of the electron. The expression for velocity 
may further be integrated yielding 


= = 5 = 5; 0a t BMa%n) 6 -z> (ha+ Ma nj am nx Lt. n sin 2v6. - (28) 
This ıs the integral of the equation of motion, but this expression for P is in terms of 6 
which is again a linear function of r. But our object is to determine P in terms of t, 


however we can do so by expressing 0 in terms of t only. For this Purpose, we proceed 
in the following way. 


On forming scalar product of both sides of (28) with n, we get 





3 SE d [sin v6 — $ sin 2v6]. | x s (29) 
Consequently from (1) 
Qavt = (1-- 2A?a3)v0 — A*a?(&m. v6 —4 sin 2v6). (80) 
For shortness, we put i : 
v = v(1-jA?af)?!, | (81) 


s= a%(1+ Bet "ës 


D 
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so that equation (80) takes the form 
Onv't = v0 — 2(sin v0 — $ sin 2v0). (88) 


Now to express vô in terms of t is the problem of inversion of the series. The form of 
equation (88) reminds one, of the well-known Kepler equation between eccentric anomaly 
and mean anomaly of planetary motion in celestial dynamics. Euation (17) however 
contains an additional term in sin 2v6, than that of Kepler. The inversion of (38) and 
that of cos pv6, sin pv@ has been worked out in AppendixI. Here we give the results: 


es mvt +2 Xn rel Sa imn p ^ (84) 
Y. EB 41 Sin 2rnv’t 
sin pv) = PZ xn-p(02) + xac pln) —— (35) 
e Qrnv't 
cos prô = PẸ lXn-p(n8) — Xn~(n#) a (86) 
where x,(z) is defined by 
elt) = i. ence rint 9-—1 sin EH ^— (87) 
and X» s satisfy the recurrence formula 
2 
a Xala) Dosen) +Xn—2(@)] — ED ea) + Xn-s(@)]. (88) 


Substituting the values of vô, sin af and sin 2v8 from (84) and (85) in the expression for 
r given by équation (28) and on utilising the recurrence relation (88), we have 


Zen = = (Aa + 3A?a?n)2av/t 


+ Slab — Xn4i(52) — -— T vanf - SCH (ng) RT Zon, (89) 


This equation completely determines the position of the electron at any instant, It 
points out that the oscillatory part of the motion is described by frequencies which are 
integral multiples of v’. This fundamental frequency difters from the incident frequency 
by a factor different from unity. It ought to be mentioned here that this factor namely 
(1+4A%a")" depends on the incident intensity and frequency and differ from unity by 
insignificantly small quantity. Now EE (89) we got t the velocity of the electron 
directly in terms of 1, 


ob 
y — Y Vue’ (40) 
we JO D ww 


where 


í “yy 32 
Y, = 2 Lafen — Xa« (8) + Xn—r(2)} + E E 2) | , 4) 1) 
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VY, = Na (nis positive) (414 
y, — 4 (Aa + 2A2a?n). o (42) 


Before concluding this section, it is important’ to mention that the process of 
solution of the equation of motion shows that we need not restrict the incident radiation 
to be'monochromalie, but it may be easily extended to the case, where the incident 
radiation consists of more than one frequency but all of them in the same direction, 

e., when the field potential may be represented by 


* A, cos vf. (48) 
4 
The main point to be noted here is that the incident field may be delermined by a single 
variable 6. 
THE RADIATION POTENTIAL AND SCATTERING 


The radiation potential due to an electron moving with a velocity U is, according to 
Lienard and Wiechert, given by 


aaee e a 0 e 
ECS COTON mu 


Let the direction-cosines of the direction of observation be denoted. by n’, i.e., 
n’ = r/r; so that 


~- 


——— o 


l A’ = S IO (V.0)] ` - | (45) 


= e[U tz 46 
i ak Cee ce) tt fo : SE ) 
Since |(¥n’) | 1s always less than unity, we can expand the right-hand sides of (45) and 


(46) and write the expression in the following form 


E TT AaS EAn- Je 0 ` 4m 


A' = *[V-Y(V.n) + Minh. Je zu I) 


On substituting the value of V from (40) and replacing t by t—r/c; we gel 
A pt ook e a e n'y ; 
| A, = S [1 + 12 A expLitenv(t -& ay] E (41) 


é 
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A os o» À expli (t DCH H 7 (50) 


where $A, and $A; stands for 


RA, = — Yon’) + S Nan Anan) È 2 Cen (Un Cn aan) + + (82) 


RA, =Y,- YO a) +> S Vien (san) s (52) 


The expression for radiation potential shows that scattered radiation in any 
direction is composed of a spectrum of frequency v, Ou, Bv, ... forming a sequence of 
harmonics of the fundamental v’ = v(1--2A*a?)". Although this frequency is not exactly 
equal to that of meident radiation but is independent of direction of observation. 

The scattered radiation may be classified in the following way. The constant 
non-oscillatory part is related to the static potential of the electron. 

nm=1: First Order Scattering. The scattered SM v! ig but for a negligible 
term is same as the incident frequency. d 

n —2: Second Order Scattering Tho scattered frequency is 2v/, t.6., debis that 
of first order; and similarly for higher values of n. 


Now, let I stand for the intensity of incident radiation and is thus given by 


rar 


2 2 
xd T E (AA) (58) 


Again, we observe from (51), (52) and (41) that 


+ 


Aon = His A, = An 


so that the expression for- ‘radiation potential may be written as 


Ais baier Sas COs Zelt (w. Sal (54) 


- 


A, = e fan, +> A, cos Gel? ka (Bb) 


Since there is no phase correlation between the different scattered radiation, the intensity 
for any particular order of scattering is determined by the corresponding coefficient in the 
expansion of radiation'potential. If J, is the intensity of nth order scattering we get 


I, | env (A, Ae 
I... t (AA) 





` (56) 


sothat the ratio of In/Z een be calculated from the not ot (A, ch: 


e +. TUM D ^ 
PS s + PA aa ? ^ 
A - = -~ Éd _ oM Pes ee om - Lé - TN. + -- ars BI 
D 
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E ste going to calculate the intensity ratio for different order we give below the 
values of V, consisting of terms up to second power e/me*, i.e., up to A’. 
V, = àa + 2A*a?n, 
V, 


(I 


— (Aa 2 A*a?n), 
k V, == 4A7a7n 
,. (a) FIRST ORDER SoATTERING (THomMson BOATTERING) 
~ ‘The frequency of scattered radiation is 
E v! = v(14- gaa) (21) 


The scattered frequency is always less than the incident one, When represented in terms 
of incident intensity it Lakes the form 


8 e? flc 
gedet z1 
From (51), (52) we get for n — 1, 
mE | Aa = A(8.n/) + A^a*(n.n/) 2A*(a.n/? 

E A, = —Aa—A?’a’n + 2A*a* (a. nl, 
. .. Let y be the angle between n and-n’,, i.e., the angle between the direction of 
observation and that of incidence, and V between the direclicns & and n’, so thal 


(4,4) = —A?a? sin? y — 2A?a* (2 cos? y—2cos Y+ cos 9 cos y). 


Hence we get finally after averaging over both the directions of polarisation of the 
incident wave 


IL e “14 cos? ef E (= 22 l : 
]-. mic. Or 7 2v (58) 
where uS 
Flo) — .8in9g-sin29-rsm 9g 59 
T e) "1+ cos’ 9 = (59) 


The first factor is the usual Thomson scattering. lb is multiplied by a factor differing 
from unity by a term of the order of e/mc?. Since ejmo? & 1, the effective contribution 
dué to this term for all available range of frequency and intensity are small. Further it 
is io be noted here that this part of the distribution function depends on the absolute. 
value of intensity and frequency of incident radiation. 


Th ne 


(b) Sxconp ORDER SoaTTERING 


The frequency of scattered radiation is 2v. On retaining, only the first significant: 
power in ea/mec*, we get , from (51), (52) for n = 2 
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Age = —$A'a' (n.n!) + A*(a.n!?, 
A, = $A?a?n — }A7a(a.n/). 
Hence . 
(A743) = 4lA*a* sin? 9(2 cos e —sin* p—3) 


when averaged over both the directions of polarisations of incident waves. Hence we 
get finaliy 


1,1 8 Ie) (e 
du Tr e) a e 
where 

F'(p) =4 gin? (8 + sin? p —2 cos p) . (61) 


which gives the intensity of second order scattering. It shows that ratio of the intensities 
is of the order of e*/m*c* and depends also on the intensity and frequency of incident 
wave. l l l 


CONOLUSBION 


The results which we derive here, differ only to a very small extent from the 
previous results and hence may not be of much importance from physical standpoint, but 
we will require these results to compare with them, the corresponding formuia obtained 
from modern quantum mechanics, which will form the subject of the second part of this 
series. l 

However, an important point remains to be mentioned here. The scattering truly 
depends on two parameters e/mc? and e; and not only on e*[ m?P£*,| which is the case if 
we restrict ourselves only to the first term of first order scattering. The appearance of 
these two different parameters is due to the fact that scattering of electromagnetic waves 
by electrons may be looked upon as two distinct processes. Firstly the electron moves 
in the field obeying the equation of motion and secondly by virtue of this motion the 
electron radiates. The presence of the first parameter ¢/mo? is due Lo the former process 
and this is really the interaction parameter between the field and electron as can be seen 
from the equation of motion (18). If we represent the field potential in units of e|mc?, 
then equation (18) is independent of any physical constant, Further, the latter process, 
i.e., the process of radiation depends on the charge of the electron. Consequently 
scattering process depends on two distinct parameters e/moc? and e, 


APPENDIX I 
Let us consider the relation 
Tr = p—a(sin 9 — sin 29! (Al) 
Wriüng | | 
dr = o 
we get 
o = £[sinío +7) ^3 sin 2(v--7)] (A2) 


Hence following Lagrange; we can develop w in a power gerieg-of s’ 
Bom t 7B tam d 
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; 3" d^- 
p = r+a(sinr—ġsin dr 7 (sin r- $sin2rj?-4 --- E palir- $ sin 27)^ + «++ (A8) 


This series converges so long as the ratio 


2(sin r —$ sin 2r) 
GET, 


is less than unity. On putting 
Q-—T7 = re”, 


The condition of convergency takes the form 
a [{sin(r + re) —4 sin 2(r + reit fsin(r + re?) — 3 sin 2(r + re) }] <1. 


It can be easily shown that 
[{sin(r + re9) A sin 2(r + zeit {ain(r + reit) — 3 sin 2(r trei 
< cosh? r + gtr cosh? 2r + 1 cosh? Ar, 


Hence the ratio 1s less than unity, so long as 


EI cosh? T +e cosh? 2r-- 1 cosh? Ar lé « 1. 
The series converges consequently for 


: tte 
lal< [cosh? r+ d cosh? 2r + 1 cosh? jr jt = ffr). 


The maximum value of f(r) is thus the limit of |z|. The value of r for which f(r) attains 
the maximum value is Ge by solving numerically the equation ` 


dí(r) _ 9 
dr 


(A4) 


which amounts to find out a root of the numerical equation 
BL 1 cosh 9r- gy cosh 4r-- $ cosh r = r(sinh 2r +y sinh 4r+4 sinh 7). (A5) 
The root of this equation is l 
r = 1°1874 
to which correspond the maximum value of f(r) 
f(r) = 0.575. 
Thus the mverse series (A3) converges so long as 
|A?(4A)[1 — ZA2(AA)] * [ < 0.575 
that is, Sg 
| | -Z (A4) | < 0.402 (A8) 


which is well within all the svailable range of intensity and frequency. br ntum GH 
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Since we are interested in the scattering problem we better seek for a Fourier series 
in 2rvt for 0. We observe that such a series is nothing but the series (AB) whose terms 
are to be rearranged. We are permitted to do so within the limit (A6) or in other words 


we assert the existence of such an expasion in this region. 


In order to find the required Fourier series we proceed in a rather convenient way. 


Firstly consider the expansion 
* D © -. * 
expÍis(gin Get sin Zell = 2 Xn(#) exp(ing) 


so that 
Xn(#) = cl exp{ — ing +ia(sm 9 —$ sin 2p)fdg. 


From (A7) we note that 


Xa(2) = > Inala o (— —£[8) = KE 
and further 
Val 4) = xa(8) 


where Jp's are Bessel functions of pth order. iim (A1) 


mm 


dp — zu T. x inr 
dr 1- — 2(cos p — 1 cos Zei = Zeck 
so that 
Va = ida 
70 
that is 


Yn = xalna) 
from the definition of x's by (A8). l 
Now integrating the equation 


dg e 
a = ZXa(na)e" 
dr -3 


we, geb 


ps ar. Xn(n2) E 





~~~ ee Ne 


from soh follows ihs See (B4) of the text. 
- Again, let us consider 


mde ote ne 
Rt es a, mw ng eo 
dif. 1—2{cos p++ cos 29) ER sna) 
where p 330; we have 

i. = = eips- ined 


7 
Q 


(A7) 


(A8) 


(A9) 


(A10) 
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that is, ; 
Vn = xa p( n2). (A14) 
Again integrating the equation 
© d 
git Sa ZzXn-plna jon 
we get 
thr 
gis = D ze — (A15) 


where the dash in the summation sign means, n = 0 is excluded. Finally v we gel 
from (A15) 


gin pp = 23 [Xa-p(n2) E 22705 Eu (A10) 


cos PP = SE [Xn-p(n£) — Xn«p(n2)] - (A17) 


from which follows the equations (85) and (86) of the text. 
. To obtain the recurrence formula between the y”(s) functions of different order we 
write (A7) in the following form 


lt, e A Seow a 


Operating u2 on both sides of the equation 


Qu 
order Sune Sear am, 


Now equating the coefficients of u”? of both sides of the equation (A10). 


Ae Ivan ll + Xn~1(8)}— Diva lgl + xn 2001] = nxa(2) - (420) 
which is the desired recurrence formula (88) of Lhe text. 


The author takes this opportunity to express his gratitude and thanks to Prot. 
S. N. Bose, for his kind encouragement during the progress of this work. 

Note added in the proof on November 21, 1949: A somewhat similar solution of 
particle equation has been obtained by Taub, A. H. (Phys. Rev., 78, 786, 1948) in a paper 
entitled ‘‘Orbits of charged particles in constant field," in terms of Lorents matrices 
determined by the antisymmetric tensor describing the external field. The author 
regrets to mention that this paper escaped his previous notice. 
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THERMAL STRESSES IN ISOTROPIC CIRCULAR DISKS OF 
VARYING THICKNESS ROTATING ABOUT A 
CENTRAL AXIS 


By 
A. M. SENGUPTA 
(Received September 6, 1949). 
D pex 
INTRODUCTION 
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Thermal stresses are of greal practical importance especially in the case of large 
‘gylinders such as steam turbine rotors, heavy shafts or large turbine disks (Timoshenko, 
1981). The problem of determining thermal stresses in cylinders has been discussed by 
H. C. Lees (1922), A. Stodola (1924), L. DH Baker (1927), Timoshenko (1981) and others. 
Thermal stresses in uniform disks have also been determined by several authors 
(Timoshenko, 1984). A general semigraphical method of determining thermal stresses in 
rotating disks of variable thickness has recently been found out by Leopold (1948). 
According to the author the actual profile ıs to be replaced by a system of disks of 
uniform thickness. It is further assumed that the radial temperature gradient may be 
expressed as kr" where both k and n may have any value and sign, as in the opinion 
of the author through this type of function it is possible to approximate closely most 
common temperature gradient curves. In the present paper thermal stresses in isotropic 
circular disks of varying thickness rotating about a central axis are found out by 
analytical method, the thickness 2h at a distance r from the axis being given by "^ — ' 

G) h= hr, a Abs 
(it) h = hy exp (An, | 
in which ho, A are constants and g Gerten constant whose value is given later on. 

For disks of profile (i) it is assumed that the temperature gradient may be expressed 
approximately as kr" where both k and n may have any value and sign. For the disks of 
profile (i) the distribution of temperature throughout the disks is assumed to follow the 
steady logarithmic law. ‘The material in either case, is assumed to expand according to 
the linear law. The distribution of temperature is assumed to be constant across the 
axial thickness of the disk. Further, all variables are assumed symmetrical about the 
axis of the disk and the disk is considered thin im that all axial stresses are neglected, 


4. STATEMENT OF THE PROBLEM 


Let s-axis be the axis of the disk, u the mean radial displacement across the 
thickness of the plate at a distance r from the centre due to stressing and heating, & the 
coefficient of linear expansion, T the increase in temperature whith is a function of the 
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radial distance r and 6,, 8 respectively the mean radial and tangential strains. 
Then, the unit elongations in the radial and tangential directions are 


ep 
D 


du: ti £x 
€, = I Eg = pi D P D (1.1) 


Let P and Q denote the mean’ radial and tangential stresses at a distance r from the 
centre, 2h the thickness at the point, w the angular velocity and p the mass per unit 
volume of the disk. Then, the equation of motion is (Prescott, 1946). 


T (rhP) — RQ + phr*ó* = 0. (1.2) 


Observing that the strains e,, ge are due not only to stresses but also to the change 
in ‘teniperature, the men stress strain relations by Hooke's Law become: 


Ge (P viet 


à à | (1.8) 
ge = g (Q—vP) + aT BE 

where E= Wane: B modulus and v = Poisson’s ratio. - haa Wee l 

» The, condition of compatibility in the case of deformation symmetrical about the 

ventral axis ig l sat ] 

mE d ; Se Een eie 

Tr z (769) — er = 0, ] . um (1.4) 


Substituting in (lus the values of 6, 6g from equations (1.8) and using equation. (1: 2), 
we find that P must satisfy the equation 


T DI eas d oP ferns dh Bcd d SIE 











dr? h d h dr dr Vh dr 
Ma E | | Deeg — Ear. (1.5) 
Set using g equations (1.1) we e have; from EGO (1.8) 
B l _ B [du,.u] EeT dT 
P.= ae sa p i d ec: DN 
(UE , dr m T | 1- y! 
| — (4.6) 
Q = 2 pa du | WI E " 
Substitution of these values B (1. 2) gives 
Lt 7 dh du 1 E att ev) dh (=y) , 
s ( D dr dr ri y dr) = de A dr. T-— E pine l (1.7) 


- T = T = - - D da 2 4 em wë z^ 
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For a uniform disk, if the temperature T is expressed as T, = t, + kr"; where T, is the 
temperature at any pomb distant r from the centre, and f, the initial temperature at 
the absolute centre of the disk, the equation (1.7) reduces to ~= 


d'u. 1 du n-i (1 ~y?) 2 
mo ee -Xu- (1+v)nekr +O Te = 0, (1.8) 


which eomeides with equation (4) of Leopold’s paper (1948). 


2. THERMAL STRESSES IN ROTATING DISKS WITH THIOKNEBS 
VARYING A8 f^^, ` dE S 


Let d 
h = hg Tr (2.1) 
and - n Mr 
p T =t tkr — = (2.2) 
where T =: temperature at a point distant r from the centre of the disk and t, = the 
initial temperature at the absolute centre of the disk. l 22 
On substitution of these values of h and T, ihe equation (1.5) reduces to 


= + 


p ET (a -ar Pa esa = - Bjr" — Bea, (2.8) 


dr 


The general solution of equation (2.3) may be obtained by adding any particular solution 
of it to the solution of the corresponding homogeneous equation, From this the general 
solution of equation (2.8) 18 found to be 


P = Cyr + Orm + Ar? + Br” (2.4) 
where ` MES 


pe dE T es oM Q TA 19) * oe 


(8 4 v)po* zs —Hakn ` 
de 8- ~A(B+v)' > , nu + 2- Ant 17v). ae) 


and C,, C, are constants of integration to be ister ned from the ën conditions. 
From equatian (1.2), 
= g a A d I -3 2 | 
Substituting in this the values of h and P from equatións (2.1) and (2.4), we get 

Q = (l+m,~A)O,7™ + (1 m4 —A)C,rm + (8—A)Ar' +.(1 +n—A)Br®+ pr*o?, (2.7) 


For a disk of radius b with a hole of radius a at the centre and no external forces acting 
on, = edges, the, boundary, conditions are 


(Prag = 0, (Pe = 0. a. 
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From the equation (2.4), we find that these conditions are satisfied if 


A(amb? = a*b™s) 4 Blam” — ah SCH 


C, = aib M — amha 
" c. — A(atb™ — amb?) + B(ahbm — ambe) 
, es A(atbm amb?) Bieber — amb") 


am Hm — amb. 


Substituting these values of C,, O, in equations (2.4), (2.7) and using equation (2.6). 
we get 


B+v)pu? [ amb? — abm amb? — a* bm | 
P x {B + v)peo* p ee T EE ry" — T? 
8 — A(8 Tv) ambm: —ambm. t ambm. — gms 
Eakn [ amb” -— anb m, ab^ — onbe, d 
Tn E AE e EE: 2g 


= (8+v)pu" L amb? — a bms 
E Gm CAM c v) 7 x i a fab th — amb. d 


m An ambreg bm |, l6 Bv d 
Rees qmbnt. — amhra 8+y i i 


Eakn [ am.b* — onbe, 
ch ——À———— du eA) i 
n(n+2)—A(1+n + v) SES ) amm amis d 


amb? — anb 


aub. — amb", 


cl km, A) Dn Aen) . (2.9) 


For a uniform disk of radius b with a central hole of radius i =O. 


Putting A= 0 in the equations (2.8) and (2.9), and also noting that when A = Q, 
m, = 0, m, — —2, we find thet the values of the radial and tangential stresses 
P and Q for a uniform rotating disk are given by 


` DA dl? E TN -a 
8 








b^ p A 
URTEIL) sa 
tpe 


which coincide with the results obtained in get (7a) and (7b) of Eessen 8 
paper (1048). tos jo 4e 
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8. THERMAL STRESSES IN ROTATING DISKS WITH THIOKNESS 
VARYING AS exp (~Ar?) 


Let 
h = h, exp (—Ar9) (8.1) 
and 
: T S = ʻ 
E uUSENTME e b * . 
Substitution of these values of h and T in equation (1.5) gives 





Eat, 
= AgriP = — : 8. 
[(2- v) - (q —1)]Aq (8 -- viet * dog, bja o (b/ay (8.8) 
eae ¢ = Art in the equation (8. 8) we i 
d^P 2 jZ- d 
To £ vm P 
Um t 7 t at SE 
(B+ v)pw* ale A Et, 1 8 
E24 PM Stee ELT 4 
sua CU tne) ` Di 
(a) Letq = 1, so that the equation of the profile is 
h=h,e-*, . (8a) 
For q = 1, equation (8.4) reduces to 
pe ae Uc? o hte ER 
qp SE 
where 
_ _ (8+ al y = _ Bah T 
g=Q2+v, k = aa and k, REES ERC RE (88.2) 


The complementary function of the equation (88.1) in terms of the confluent 
hypergeometric function Mie, 8, t) which stands for the convergent series 


eler E clot Vota) D tg infinity 
ear 8 | 


142 EN 
ai 84 art 8.45 


(Webb and Airey, 1918) is 


í c 4-1) wr (2 A -I-i-2-i) 
[4, +B, log t]Mte, 8, 0+B,[ Fe (+ aS) eg Bie sad 8 4 5 





ole +1)(r+2) C GC 1 1 d.d oP 1 1 ) l 
M du 2 — oe ee fe ae. boe io minit 
+ 84.5 tdi 8 4 5 SEN 


* If instead we take T =i, +a log. (b/r), we are only to put t.—t, for ty in our equations. = _ 


6—1718P—4 
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= A,M(o, B, ()+ Pé (Ba.8) 
where Se 


at) = (log 0M(cr, 8, "lz: -i-r) 





SS 1 1 1. eod un | ge A 
tea ae E "— S 


and A,, B,, are the constants of integration to be determined from the boundary 


conditions. (The tables of this function have been given in the Reports of the 
Math. Tables Comm., British Association, 1927). 


As a particular integral of the equation (8a.1), we assume 
C D, : 


P = At Bit, T (3a.5) 
PORE. os x 
We find that this equation is satisfied when 
PUTEM jest 
A, 7X v) ferro 
- mE e : (8a.8) 
Fat, Bot, 
UA =~ Mr, -D, = —L——— Ln 
— Qr») log, (b/a) vil + v) log, (bja) 
From (8a.8), (88.5), and (38.6) the general solution of (8a.1) 18 determined as 
g : x 
P = A,M(o, 3, 0) + Balli LE oe 5 the Ae 
Ect, 1. Eat, 1 
_ ET NNUS, AUI SME chui Me I 8a.7 
(Filo. id CVF Vlog Cray SAP 
From the boundary conditions : 
(P) rap 00 (P) rea = O 
or {mAb or {mia 
we have SE ae Ee? i 
A,M(c, 8, Ab) + Bip Ab) +L, = 0, (82.8) 
A, M(c, 8, Aa) - Bp (Aa) +L, = 0. 
where l 
L, = Spe ppob Est, — |5- ml 
T A9 A (1+) log, (ba) LAB vA? DFE’ 


L, = pe" Én l- sd 
5 ONDE X (ey) oe A € E d 


EN 
a 


From the equations (8a.8), we get 
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MUSAE : = UELEGRIVES (Ba.10 
(Ad), L, Dy, Ale, 3, Ab) Mio, 8, àb), p Ab) N ) 
$,(Aa), L4 Ly, Mie, B, Aa) Mie, 8, Aa), ¢,(Aa) 
whence A, and B, are determined. - 
Using (8a) m the equation (1.2) and noting that t = Ar, we find 
E OP +S art x $: Go DI 





Substituting in this from equation (82.7) and using the results 
we y 2) = Me, ytl, æ) = rx (Mis, y 1, lz Mis, y, ai — (82.1) 


we ean determine the value of Q. 
(b) Letq - 2. So that the equation of the profile is 


h = hy. (8b) 


Putting q = 2 in the equation (8.4), we have 





1 
e pides Es P _ ep = —h. +k, 1 8b.1 
Se dt (AC dt B atb, t | ( ) 
where 
SE (8 + v)pw? Eat 
— " k I PETER k, pom EE wd * 
S 2 i AA 4 log, (b/a) SS. 


As a particular integral of the equation (8b.1) we -assume 
Pu Aen (Bb.8) 
We find that the equation is satisfied, when 


B, = -Et ` (8b.4) 


Pa 2(1 +) log, (b/a) 


pu 
2) J 
The complementary function of the equation (8b.1) in terms of confluent hypergeometric 
function M (8,2, t) is 


TOME m: t [od d. 1 

[0, D. log tI M(B, 2, 9 € Dii (5 - 5 -1)+ 88D E (5.1 $- 1 -1- E) 
EEDE +2) © l E EO C 

28.4 Bİ AP roa rv $3 3 a 705 JE e infinity | 

= O,M(5, 2. D + Dél) (8b.5) 


where O,, D, are constants of integration to be determined from the boundary conditions 
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a (og, 5] M(B, 2, EE = ; _ 1) 


NEST "e -i) "T : | 3b.6 
ae S eos 295 1 3)* to infiniby (3b.6) 





The results (8b.8), (8b.5) and (8b, 4) allow us 6o write the general solution of (8b.1) in 
the form 


3 : pa^, Eats Sd 8b.7 
P = C,M(B, 2, Q + Dap) +  — 2X 3üc»)log (b/a) i (85.7) 


From the boundary conditions 
(P) rep = 0 (P) raa = O 
or {=A b* 











or teaa’ 
we have, : 
C4M(B, 2, Ab?) + D494(Ab?) + Ls = D, (8b 8) 
O,M(8, 2, Aa?) + D9,(Aa*) + L, = 0. 
where 
Spe Bate — 0l a ee De, LL. (gy 
I^ 2A 2(1+v) log, (b/a) Ab” SS Mg 2A 2(1+v) log, (b/a) Aa? Wes 
From the ~~ (8b.8), we i i 
SE (8b.10) 
403,1 M Ls, TME AS 2, Àb*) | M(B, 2, Ab"), pa(àb*) 
$,(Aa*), L L,, M(B, 2, Aa?) M(B, 2, àa”), $,(Aa’) 
whence C, and D, are determined. 
Using (8b) in the equation (1.2) and noling that ¢ = Ar?, we obtain 
2% 
= (1— 20P 2 qs. (8b.11) 


"t A 


Substituting into this the value of P from the equation (3b.7) and using the results of 
(8a.12) we can completely determine Q. 


THE VALUE OF A 


Let 2h, and 2h, be the thickness ab the rim and at the bore respectively, so that - 
Alb = eto 
. Whence, 


2:008 ha, 


d= Geer Bu ue (8b.12) 


NUMERICAL CALOULATIONS 


For & particular case, takıng b = 24", a = 6’, 2h, = OI 2h, = HAT and v = 0 3. 
we have, from (8b.12) A = 0°0017 
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Ab? «09792, M(B, 2, Ab*).— 2/2908, 9,(Ab?) = —1:4149. 
a? = (0619, M(B, 2, Aa?) = 1'0519, 9, (Aa?) = — 18239 
Ly = 294°1pu?~'2833Het,, C, = 1T29pu! — 8/912Eat, 
L, = 9941po*—4'588E«t,, D, = 996p? — 6:5849Eat,. 
In conclusion I thank Dr. B. Ben for his kind help in the preparation of this paper. 
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ON THE MOMENTS OF NON-CENTRAL x’ 
s By 


M. C, CHAKRABARTI 
(Communicated by the Seoretary—Received September 9, 1949) 


1. Let 2,, Za ..., Za be n independent stochastic variates having normal distri- 
butions with means Hu, Has... Dn respectively and a common standard deviation c. 
The statistic P e 


Bx Sg? g? 
X 2 if 
i8 known as non-central,x?. The object of this paper is to derive certain recurrence 


relations among the moments of this statistic. ‘The relations oblained are believed to 
be new. : 


2. Without loss of generality, we shall assume o = 1, go that ` 
piz) = Aü/(Qn)expi—(zm—4)/24, 121,2,...,n. 
''he characteristic function of the disiribution law of x" 


olt) = explout)1-2i)yj(1-28yP ——— (1) 


= exp[ - 34 - A/(2(1 —2it)}] /(1 — 200) (2) 
where i 
A = 2, pi. 


Hence the distribution law of x” is 


p(x”) = exc 2 3 exp[ ity’? - A/f3(1 — Qit)} ] | (1 — 2it)/2dt 


_ exp( - 34) E ck u wp 2r ums 
an J (1 —2itp? 2° 1 | = Farce 


_ exp(—4) SN gm Zo 
2r arri (1—89it)rt"A ^" 
rmi zf) 


ob 





the termwise integration being obviously permissible. Therefore 


2) — em M Ar ehr my -1 
p(x") aCA rien RUP ERIS ) 


,expÍ- iQ ex p NP iA (3) 
ON 2T 
PUE Hy 27 p | Tre m) 
SA 13 i : 
., expí- $(A * x inite-a Au aftAbal (4) 


Ilia ty E) 


te 
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where i = J/(—1) and J4(- a2 (iA*x/) is the Bessel function of order Ain —2) and imaginary 
argument. (8) and (4) have been given by Fisher (1928), Tang (1938), Patnaik (1949) by 
different methods. 


Incidentally (1) gives the rth cumulant k, as 
kg = 2 (r—1)!1 (n+rA) 
|. 


whence we get the recurrence relation 
k, = Win + a a : (5) 


Thus, knowing k, = n+A, we get successively from (5) 
C k, = Wn+2r0), k, = 8(n--BA); k, = 48(n +42) 


and so on. 
8. From (4), we get 
— A = * 
M, = SEH DES exp( - y" (Ay!) dy ! 
ODE dae) poo opu 
E In) Fi k, in, 1A) , N x on af (6) 


(Cf. formula (B), p. 894 of Watson’s Bessel Function) where P, is the usual generalised 
hypergeometric function. The result (6) can also be obtained from (8) if we multiply 
both sides by (x/)**, integrate term by lerm and make use of the well-known relation 

F(a, b, £) = e?.,F.(b —a, b, a 

due to Kummer. ' 


From (6), we can easily deduce 





ale ZZ hop e 200 202 |.. (n+2k—92) (T) 
= 2 ege cji] OR 
da* X-0 d 
whence we get the recurrence relation 
^^. diky e 
Hence 
ml y OM ` be 
Me atok” (kyin tak dX t Eesen qo 


Dua = AE + (n 2E) (+ LAH f. IL dA, k=0,1,2,... (11) 
A 
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(10) can be used for calculating o, Mpp». from p,,, and (11) can be usod for ihe 
caleulation of p, m By An, from Py: ds e 7 


A The kth moment about the mean - 


- 


ETGEN 


whence, we get easily 


duy, k 2k(k —1 
sa = Se ED iy + (n + X)... ]. 


dà À 
Therefore ; l "MU a IR 
ur = dki) f Bit eA) tdi k=2,8,4,... (12) 

A 


Since u, = 1, p, = 0, we get successively 
pa = 2(n+2A), p, = 8(n--8X), p, = 19(n- 2A) + 48(n 4-42) ; 


- Bina- Br)? ‘ . 
B, = Bint BAY g, = g POTA) 


i (n-- OAI ' . n+ 2A 
DEPARTMENT OP BTATISTIOS, 
UnrvEnsITY op BoMsBar, 
"BOMBAY, ^ ` 
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QUASI-GROUPS AND NONASSOCIATIVE SYSTEMS—II 
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as 4. INTRODUOTION 


ka 


" In a group, there exists a unique element which is the common identity for every 
element of ihe group. Thus if e is this element, then ea = ae = a for every element a 
of the group. But itis wellknown that the case 18 olherwise in a quasigroup, Here 
each element has distinct left and right identity elements which are again different for 
different elements of the quasigroup. If every element of a quasigroup has the same 
- left: (or right) identity element, then the quasigroup is called a left (or right)loop. Ifa 
` quasigroup is both a left and a right loop, then it is called a loop. Of course, every 
.quasigroup can be distorted homotopically into a loop, but during this distortion, many 
important properties are lost. Thus the loop obtained by distortion is distinct from the 
original quasigroup in many respects. Though a homomorphism is a special case of a 
homotopy, yet it 18 simple enough to preserve,many important properties of a quasigroup. 
One such important property 1s the identity relations of the different elements. 

In the previous paper (Choudhury, 1948) having the same title, 11 was shown that 
an inclusion relation can be defined in a commutative quasigroup by means of the 
identity relation. But the commutativity condition used there is not essential. Indeed, 
a right melusion and a left inclusion can be defined by means of the right identity 
element and the left identity element respectively. With the help of each of these 
inclusion relations, 1b is possible to draw a graph, a right graph or a left graph as the case 
may be, m a manner similar to the familar Hasse diagram of a partially ordered system. 
Of course, the graph of a quasigroup differs in many respects from that of a partially 
ordered system. The inclusion relation here is not transitive and hence an element 
includes only the element lying just behind it and not those elements which lie far behind 
it. Further the graph of a quasigroup contains cycles of elements while the graph of a 
partially ordered system can not have such things. 

The graph of a loop is the simplest one It is a star shaped figure m which the 
common identity element lie in the centre and the other elements of the loop are 
connected to il. The weight of the identity element is n—1 if n is the number of 
elements in a finite loop ; but all other elements are source elements. ‘Ihe graph of a 
finite quasigroup consisis of a finite number chains with cycles. The graph of certain 
infinite guasigroups consists of infinite chains only. 

The "graplis of a quasigroup are important for the study of the homomorphisms 
of the quasigroup. If ae =a and @ is a homomorphism of the quasigroup, then 


a(a)a(e) = o(a), i.e., ife is the right identity of a, then the corresponding -element a(e)--- SS Se 


is also the oëbk-Adeninky of 2(a), unless elo, = a(e) in which a(¢) is idempotent. 

Therefore, if one element: lie.jusb 1n. ‘front of another element in the graph of a quasigroup, 

then their corresponding. elements. will be similarly situated in the graph of the 

homomorphic quasigroup; unless these corresponding elements become identical and lie 
7—1718P—4 


DH 
" 
4 
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at the end of a chain. Further the weight w(a) of an element a 1s the number of 
solutions of the equations za =a. If a are the solutions, then 2a = cz; and hence 
a(z,ja(a) = e(m), i = 1,2, . , . , w(a). Thus «(z,) are solutions of the equation jala) = y. 
But some of a(z,) may be equal to a(x) and hence the number of solutions of the equation 
voila) = y 18 less than w(a), Hence w(a(a)) is less than or is equal to w(a). Therefore 
if a 18 a source element, then «(a) 1s also a source element. All these resulls show the 
important connections between the graph of the quasigroup and the homomorphism. 

The structure of the quasigroup in relation to the identity elements becomes clear 
if the I-sets and H-sets are studied. An I-set.is a subset of the quasigroup such that if 
a is an element of I-set, then both the left and the right identity of a belong to ib. . The 

_I-sets determine a topology in the quasigroup. Similarly H-sets are subsets such that . 
if a is an element of it, then all elements which has a either as a left identity or a right 
‘identity belong to it. These H-sets also determine another topology. mp the quasigroup.. 
:'l'hese two topologies determine the character of the quasigroup. 


9. CHAIN OF IDENTITY ELEMENTS 
In a quasigroup Q, it 18 possible to determme the chain of right identity elements 
fu m ÉIS ÓS Erro Ss Ën S Gn SS 


where gu: is the right identity of 6n, if the first element e, is given. Here, either. every 
element of the chain are distinct m which case the cham must be infinite, or all elements 
“of the chain are not distinct in which case a certain element 6,, 18 identical with a certain 
element En fh 22 zx p. As the right identity element of every element ıs uniquely 
determined, it follows from the fact +that Em = Gu, that Ge, = Enzi and ee by 
mathematical induction 64,4, = TA Thus the chain reduces to 


—- - Sages x 


as - : By Se Oy So lg Do E Oy S Ons, SL SO pgp = Ep: DEE “ie 
‘The chain is therefore finite. The elements 655 Üpd iy 83 Bash formed a closed 
_ chain and are said to form a cycle of length r. The graph of the chain is- given in the 
figure. If the length r is,equalto 1, then ge is idempotent. 
Further in.an Abelian quasigroup, the length 7 _ is, not sie 


to 2. For if r = 2 in such a cage,- . 


; » AC e hee s 
x JUEGAN NE SE let 





à Thus 7 PP DX HUE 
nY _ Sp. p+ = Ap and Ones. Bp : - Spur » 
Reds GE as the quasigroup 18 commutative, 8p = tpi S one 8p is therefore Aderapdtent. ` 
x E 8 , Uu Ro SN "T 
The-chain-may. aiso be continued behind 8 d VES 
EE ic deb wA Leh yt 
Bon S Cung SV cc SS 8.4 < 7 Oe a quc EE dd 


| until an element e is obtained which is a source element. ‘It misy ‘Also appe (hat. ‘hie 
source element ig never arrived at'and the chain may be extended behind’ £o indefinitely. 


Poy kts 


T 
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lf a source element 18 obtained, the chain is finite also behind and the chain can then be 
renumbered. in such a manner that €, 18 the source element: In this case, 6, will be 
called the generator of the chain. 


An element e can not have a cycle behind it unless e belongs to the cyele. For, 
1f e does not belong to a cycle, continue the chain behind e. If a cycle ıs obtained 
in ‘this process, then an element ıs obtained having two right identity elements. This is 
impossible. This result proves that if a chain has no generator, it 1s infinite on the back. 


It will be interesting to consider now some SSES The set of positive integers 
when distorted by the law 


a*b = a-—b 


becomes a quasigroup and in this quasigroup, the left identity of an element a is the 
solution of the equation x*a =a, In terms of ordmary subirachon, this is equivalent 
to x—a = a and hence z = 2a. ‘The element a generates a chain 


ge MEN T e 


Bach integer 4 generates therefore an infinite chain in front of it; but it is otherwise at 
the back of it. If a= 2",p, (p, 2) = 1, then the chain can be continued behind it upto 
m elements 


P= gU <5 TIT TUE 


Thus every odd integer is a source Bored and all the integers are distributed in these 
chains in such a manner that any given integer will belong to one and only one 
-such chain. 


All the elements of a quasigroup may he in one chain. For example, the four 
elements a, b, c, d of the quasigroup whose multiplication table is the following 


ja b e d 
ald a c b 
' blc d b a 
cia b d c 
dib c a d 
lie in one chain of right identitieg at 
axbeox;d. 


- 


À finite quasigroup has only 8 finite number of source elements generating only 8 finite 
number of chains.’ The best example of this 18 obtained from the consideration of the 
cycles generated by an- elements a in the quasigroup GQ,-(k, s). The multiplication in 
GQ,-(k,s) is defined by the rule a*b = obt and here k, s are both prime to p^ —1. 
The left identity of a is the solution of the equation 2z*a = a m GQ,-(k, ai. But*‘this- 
solution is the solution ‘of the equation eat = a in Ga. Ask is prime to p^ — 1, this 
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"M lms R : EN P 
equation 18 solvable and the solution is x = a* . Henoce'if E = f, the chain of. left 
identities is j : 

Gam ma Ss: maU m 
As G@,-(k, 8) ig a finite system, the chain must be finite and therefore must have ‘cycles. 
Different cases occur here. If r=1, then s--k — 1 and aisidempotent. Thus if a 
Galois field is distorted by the rule a*b = a'~*b’, then every element of GQs«(k, 8)-80 
obtained is idempótent. If? is a positive mteger greater ihàn l, then the cliaih will 
consist of some powers of a, Suppose that the order of the element a in the multiplicative 
group of GF. is m. Then 

m=Im+t Le, r*z i mod m. 


If i = O for any r^, then a" = 1 and the chain ends there as 1 is idempotent. But 
if Le O for any power of r, then the chain will consist of those powers a! of a for which t 
is a power of the class (r) in the ring of the classes of residues mod m. The integer r is 
fixed by the distortion only while the integer m is fixed by the element a. For example, 
ifr = 8 and m = 6, then the cycle is a «2a? «; a*— a? «a; but if r = 8 and m = 11, 
then the cycle is aga «a? «a5 « a*zz;a. Itis evident from the examples that a 
cycle wil got, in general, include all powers of a and thérefore it will be interesting 
to consider the cycles generated by different powers of à. Ii b — a! and m Is the 
order of a, then the order of b is à = m/(l, m) where (l, m) is the h.c.f ofl and m. The 
cycle generated by b is given by 
he bf ehr bh. brs... 

et mod A and bt = aë = a" where p=lt mod m, Now ms A, m) and let 
Le Ai, m); then D = Aim Also as r° = t mod À, and lt = p mód m 
" m= Avi and lt = fm, 
. Hence i l i 

b [r^ = Avl+1t = Avl+Om+y = vi'm t Óm -- p = (vA! -- ym true ji mod m. 


b 
bai 


Thus if | = rb, then lr” = r"**, Therefore if b occurs in the chain generated ty a, the 
chain generated by b = a! is a subchain of that generated by a. As p = lt mod m, the 
powers of a in the chain generated by a! is obtained, in case l 4b r*, from those of the 
chain generated by a by multiplying with | mod m. 
If now (r, m) = 1, then Àr +A m = 1, ie., Ayr = 1 mod m. Raising both sides to 
nth power, uu 
"s Afr" d mod m. + 


. Thus *7" iod m exists and r* 1s not a divisor of zero in the ring of the classes of 
residues mod ñm. Hence if f" = t mod m, (t, m) = 1, iLe., every power of r is prime to m, 
` I£ O(ü) is thé order of the element of in the multiplicative semigroup of the ring of the 
clagses of residues, it is evident that O(a*) = m/(t, m), where (t, m) is the h.c f. of t and m: 

As (t, m) = 1, Olat) = fh. Thus if r is prime to m, all elements belonging tò the chain 

generated by a have the same order m as a. As any other element belonging to the 

chain of à will generate a subclrain, one may call the chain of a as a chain of order m. 


ue 
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v Néxb consider the chain generated by al, 13474. In this case, lr” 45 r*** and hence 
aè wil generate a new chain. ‘The elements belonging to this cycle will be a^ where 
pelt mod m. An at = a = (af)! = d 


where o & at, O(c) = =m and hence o! 
O(c') = ml, m). Thus O(a) = am (1, m) Š 
and -therefore the order of the chain af 


generated by a! is m/ (l,m), If(r,m)=1 
and O(a)- m, then the powers of a m 
GF,. are distributed in chains whose 
adus are divisors of m. For example, 
if r- 8 and m = 10, the powers a! are distributed throughout the graph. Of course, 
there might be more than one cycles of same order among which the powers of a are 
distributed. For example, if m=1, r= 8, the powers of s are distributed in the 
éyoles: 





aa xa xa xd ia, 
a! e a* « a! de Oil ax a’, 
nii < gi}, 
The first two cy¢les have the same order namely 11. . 
But the situation is greatly different if the h.c.f. (f, m) = s 1. Here r = sv; 
m = 8v, and hence i 
ry, = 8y,,8771y," = mati7ly," = 0 mod m. 


Thus 7^ is a divisor of zero for all n. In particular, 
one has to consider two distinct cases: (1) rm? =m 
i.a., m is & certain power of r and (ii) r and m have 
a coiümon divisor. As exdinples, oné can donstruct 
the graphs when (i) 7 = 3, m = 37, (i) r= 8, m = 12, 

In above, only the siitiplest type of distortion 
atd = = athé where (l—s)/k=r is an integét is (i) 








ol 
(ii) 


as ono has to extract a root here, Hence this case will not be discussed here. 


Qa ab ot 
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2^ . 8. Tage, H-serts. 


The sel of elements forming a chain has the property that if a is any element of thé 
sel, then the right identity of a will also belong to the set. It is now proposed to 
eSneralis Pa ea. Let X be a subset of the quasigroup Q and p(x). be that subset of Q 
which 18:710 by the right idexttities of the ‘dlements of a Lei us now make 
ERE lors, that aX) = X. wt is E sob of right entities of ` the elements of 

p”(X), that as n : 
dM x ema = uu). 


Zi 


ké 
er dn ` 


The join, X of all subsets p(X), ea 0, 1, 9.8. 223 8 a subset of Q having important 
properties. lf,a is an element of X, the right ES of a must belong to X. On 
account ot tins property, the set X, will. be called a right identity closed set or more 
simply, an RI set, In particular, if X consists of only one element a, then X will be the 
set forming the chain generaled by a. Similarly it is possible to consider the left 
identities of the elements of X and to gét the left identity closed sets X* or more simply, 
Li-sets X*, which will be characterised by the property that if a is an element of X*, 
then the left identity of a will belong to X*. If Q is a commutative quasigroup, then all 
RI-sets X are also LI-sets X* ; but otherwise; only certain RI seis will also be LI-sets and 
these will be called I-sets. A quasiqroup Q has at least one I-set, namely Q itself. At 
present, the discussion will be restricted. to RI-sets only. 

The subset X has two important properties : zo 2c 


(C 1) Xx 
(C2) XY imply XGY. l we. 


The first ıs evident as A is the join of X with other sets p(X). To prove the second, one 
notes that (f) = Y. Thus pX) aY) =. AsX = XUR) UZU n X & Y. 

Tt 18 now necessary to state certain well-known results (Ore, 1944; Everett, -1944)- 
The correspondence @—>4 in a lattice L, by which each element a 1s associated to 
another element à in such a manner that 


m 


(C1) PENES 
(C23). a b imply dea] 


is called a Galois closure relation in L. ‘he name Galois is attached to this type of 
closure operations owing to the fact that this type of closure operations can be obtained 
from a Galois connexion. If @= a, then a is called a closed element and it can be easily 
proved that @ = @ which shows that @ is a closed element. The closed elements of L 
form a sublattice L, such that the multiplication in L, is same as that in L, but the 
addition in L, is different from thal in L. The sum of two closed elements a, and a, in 
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L4, is the least closed element in L, containing both a, and o, If, besides (C 1) and (C 2), 
& further condition hold : E 
a = (C 8) urb ab, i 


--— 


del ihe lative L will be called a See topological space = The lattice L, is in | this 
case a proper sublattice and both addition and multiplication in Di are same as those in L. 
^ tc The subsetè of a quasigroup Q form a Boolean Algebra’ in which the sum ió the j join 
‘of tio subsets and the product is -the- meet of two subsdis. The correspondence 


-X — X ‘has been proved abóve to be a Galois closure in this lattice L. The closed sets 


form a sublattice L; of L. For a closed subset X, X = X" and hence the neccessary and 
sufficient GEN that X may be closed is that 


a Za AN, 


nU aX) & X. 


^ E 
— ki ee - be (ë d 
e 


Now af 2(X) eX T aY) E Y, then u(X f) Y) GX and Y and hence (X NY aX Y. 
Thus if- X and--Y are closed, then XNY is also closed. Therefore the product in the 
lattice. L, ‘is’ also the. meet of two closed sets. More generally, let X and Y be two 
‘arbitrary subsets of Q, Ge, not necessarily closed). If ais an element of XM Y, then a 
-belongs_bdth la X and Y ánd hence the right identity of a belongs both to p(X) and to 
u(Y) and therefore to u(X) N &(Y). Thus u(X 1 Y) S (X) fl (Y). On the otherhand, let 
9 may be an element of X. ‘Then one has to consider two cases: (i) the weight w(e) is 
equal 40.1. and (ii) w(a) is greater than 1. 'In'the first case, e-is the right. identity of 
only one element a which must therefore belong to both X and Y and hence lo X fY. . 
Thus e€a(X[1 Y) and hence in this case, MANY) aX NaF). But in the second 
‘case, 6 is the right identity of more than one elements some of which may belong to X 
‘and some’ta Y. Thus none of these elements may belong to X f] Y and w(X N Y) will not 
contain e. Thus in general, » 3 


l ee 
aX NY) em aX) N aY) | 
where des equality will hold if the weight of every element of uX f) Y) )isl. By mathe- 
matical induction, this leads to u^(X n Y) & p(X) n m "(Y) and henee, to XNY f Ye X N E 
The closure operation X — X satisfies not only -Cl and C2 but also C8; hence it 
converts L into a topological space. For, let a be an element of the subset EU Y; then 
a must belong tô éither of two subsets X and Y. Hence the right identity of a will belong 
do etther of the two subsets p(X) and p(Y) and hence must belong to the jon. &(X) U u(Y). 


pc : "m 
ne ae AU e nO Uw). 


Dbveriel E e ig an ólemnb of the j join-of p(X) and p(Y), then 6-must belong to either of 
4hém:--JThérefore.e must'be thé right- identity of some-elements which rust- exist either 
in X or in Y and hence in XU Y. Thus: oe -&- must-- PERRE to u(X U Y). - A8 e'is an 
m elémbnt of kCX) Uu Ei, PUN C y 


decido leas ; 


b fii (310 rl o m "ue u(X) U u(Y) tz "M " pus " ër, quud ` 


sku 


- 
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Oombining the two results, 


u(X) U w(Y) = p(X U Y). 


If X and Y are RI seis, i.e., closed, then u(X) € X and »(Y) & Y. Therefore in this case 
u(X U Y) = u(X) U a(Y) && XUY and hence XUY is also closed, Thus XUY = XUY 
which proves that C8 is true. . 

The lattice of EI-seta form a proper sublattice of L and as Lis a Boolean Algebra, 
it 18 distributive. The set X can be easily recognised graphically. Indeed, if the graph 
of Q is drawn and X is any subset of it, then X is the set of all elements of X and all 
elements of Q that lie in front of the elements of X. It is for this reason, the topology 
introduced by this closure will be called right fore-topology. 


Exactly in a similar manner. it can be shown that the correspondence X — X* 
introduces into L another topology which may be called left fore-topology. The closed 
sets are in this case LI sets and these closed sets form a sublattice L, of L. The meet of 
these two sublattices L, and La will be a new sublattice L,, whose elements are I-setag. 


A second pair of topologies can also be defined in L. If v(X) be the set of those 
elements of @ of which the elements of X are right identities, then the elements of v(X) 
are obtained as the solutions of the equations ze — v, e€X, The solution of this 
equation exists if wiel zl and does not exist if w(e)=0. Thus in the graph of right 
identities of Q, v(X) is the set of those elements which lie just behind the elements of X. 
Then the elements of the set X’ = XUv(X)Uv'(X)U--- are therefore the elements of X 
and those elements of the graph which he behind the elements of X right up to the source 
elements. The correspondence X — X' is a closure operation satisfying C1, C2, C8. It 
is enough to verify C8. Ifaisan element of v(X U Y) and e is the right identity of a, then 
e belongs to XUY and hence to X or Y. Thus a belongs to v(X) or v(Y) and hence to 
v(X)Uv(Y). So dS 

. v(X U Y) & v(X) U (Y). 


Conversely if a belongs to v(X) U v(Y), then a belongs either to v(X) or to »(Y). Hence e 
_ belongs either to X or to Y and therefore to XU Y. Thus a belongs to v(XU Y). Asa is 
‘an arbitrary element of v(X) U v(Y), 


v(X U Y) 2 wX)Uv(Y). 


Thus finally vk U Y) = v(X)Uv(Y) from which (8 can be verified at once. ` 

The closure X — X! defines therefore into the lattice L, a topology which shall be 
called right hind-topology. The closed elements of this topology will form a sublattice 
M,of L. Similarly with the help of the graph of left identities of Q, a left hind-topology 
can be defined into L whose closed sets will form another sublattice M, of L. The 
elements of M, and M, will be called RH-sets and LH-sets respectively. The elements 
of the lattice M, NM, = M,, will be called H-sets. 

An Rl-sets which 1s also an RH-set will be called RHI-sets. Similarly LHI-sets 
and HI-sets are defined. These sets are important. For example, in a graph of right 
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identity, the full chain generated by a source element is an RHI-sets. These RHI-scts 
divide the elements of Q into classes. Indeed, if two elements a and b are considered 
equivalent when a le behind or in front of 6, then this equivalence is reflexive, symmetric 
and transitive. Hence this equivalence will divide the elements of Q into disioint.classes 
which are RHI-sets and the quasigroup @ is the join of these classes. 
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CORRECTIONS TO MY PAPER ON ‘AN EXTENSION 
OF HAMY’S THEOREM, Exc.’ 


By 
N. L. GuosH 


In the paper with the above title published in the Bulletin of the Calcutta Mathe- 
matical Society, M, 92, 1949, while discussmg the limiling case of the sub-ense (a) m 
Art. 2 (p. 99), it has been concluded that “ibe spherical distribution of density of the 
nature (2.21) is not possible under any gravitational field whatsoever.” This statement 
is not strictly correct. l 


Equation (2.28) should be corrected by the addition of a constant, in general, so 
that the difference of the two potential funclions ® and V should have the form 


1 2 
Vis TO. HM weg 100 CN 
SS (d ) ele ry+C,, (1) 





where C, is a constant, instead of (2.25) The previous argument for rejecting the 
potential (2.25) as being applicable to a real body is no longer valid. In fact (1) is the 
tidal potential, to the firsl approximation, due to a distant Lide-generating body apart 
from a term denoting the acceleration with which the attracted body falls towards the 
primary. Hence the correct conclusion should be that the spherical distribution of 
nature (2.21) of uniformly rotating mass of gas as in (2.2), is possible under (he influence 
of & distant tide-generating body, placed on the axis of rotation. 


It is possible to determine the mass m and the dfstance c of the tide-generating 
body from the centre of the rotating gas-sphere, by comparmg (1) with the usual 
expression for the tidal potential (to the first approximation) due to the distant body 
(Jeans, Problems of Cosmogony and Stellar Dynamics, 1919, p. 48). We have in fact, 
the following equations for m and o: 


ege — M, 


Mee 





SE 


P. Dive arrived at the same conclusion as in the paper cited above (Rotations 
Internes des Astres Fluides, 1980), by a method entirely different. The author regrets 
that at the time of publishing his paper he had overlooked Dive's results and hence did 
not make any reference to his work. 
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CORRECTIONS TO MY PAPER ON ‘A STUDY. OF THE 
GENERALISED LAPLACE INTEGRAL ' 


By B 
d : H S. K. Bose 


The following errors have unfortunately crept into my paper entitled ‘A study of 
the Generalised Laplace integral’ published m Bull. Cal. Math. Soc., A1, 1949: 


Part I. Bull, Cal, Math. Koc., 54, 9. 


Page 10, 10th lme from the top, insert l! on the right hand side; 5th line from the 
| dv cx 
botlom, for (Lat read (- D ES 


Page 11, 12th line from the top, for Doom ms aq 0/4 m T (9/4 — E 


4pT (11/4 — m) 4p (11/4 —X) 
] Page 12, 1st line from the top, 
Lim+4, l- meg d pa lemt d 
for ,F, lakti air read ,F, eee ; oa. 


Page 18, in the integral (c) replace 2 by z and number the next Whittaker-transform 
of geheie gs (4). 


Page 14, number the result of Example 6 as (7) and in Eixample 7 for 


Peut — ts 


" n+utm+2r+5/4, nt+p-m+2r+5/4 1 a 
: : n+p—-k+2r+5/4 '9 9p 


read 


| Cee. n-g-—m-c2rr5[4 | a 


ntp—k+Qrt+7/4 ! 3 Sei? 
1st line from the bottom, for Bin) = 0 read R(p) > 0. 
Page 17, in Example 14, for HA) read Wall and number this result as (18) 
instead of (11). 
Page 21, 5th line from Lhe bottom, for R(m n —21-- 1) «CO read R(m-t-n —21 4-1) 0. 
Page 22, “Bth line from the top, for Wi, sj qs Ai) read W A eje am (327). l 
Page 25, 7th line from the top, insert etP, 


Part II. Bull. Cal. Math. Soc., M, 59. 


Page 61, 17th line from the top, for K- read L-; and between the 1st and 2nd lines 
from the bottom insert "7 4.6. Particular -cases of our theorem.” 


099 S. K. BOSE 


AAT 
r 


Page 62, 18th line from the top, for (B, Eqn. 1.2.8) read (B, Eqn. 1.2. 18). 
Page 68, to the right hand side of the formula in the 8th line from the top add 
* 


Pom lt) — NW Dat Klee tt tes 
I'(—m--4-—k) Timtik] ri D(r—-2m 1) 


DA — m + 1pp-i(x-m-mbrSBSCW 65.0 tte rl ihe 
x UA —m r--2)e*? p Ce tatti (P) ( 


—a+r 
18th line from the top, for R(44A+m+H) >0 read R($A t m - 1) — 0. Y 
\ 
e Page 64, 7th line from the top, for T(A+2n+n,+2r+4) read DA+n+n,+2r+$)3 f 
and 8th line from the bottom, number the integral as (1). S 


Part III. Bull. Cal. Math. Soc., &1, 68. 


Page 68, 7th line from the top, for ‘ relf-reciprocal ' read ‘ self{-reciprocal.’ m 
Page 72, 7th line from the top, for RA +p, -v- 8) 27 0 read. R(v) > —1. 





Page 78, Tth line from the top, for (p) read o(p). 
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x l CORRECTIONS TO MY PAPER ON ‘CERTAIN SELF- 
RECIPROCAL FUNCTIONS ' i 
^ i By 
SB. O, Mirra 


The following errors have unfortunately crept into my paper entitled ‘On certain 
gelf-reciprocal functions’ published in Bull. Cal, Math. Boc., 44, 1 (1949): 


Page 8, 8th line from the bottom, for I,(#)K,(x) read I,(4e)K,(h2). 

Page 8, 5th line from the bottom, and page 4, 5th line from the top, for æ please 
read 32 everywhere in the lines. | 

Page 8, last but one line and last lino, for I,(4/a.2)K,(4/a.2) please read ' 
WETTER i 


e T Wa, 
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